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1. Introduction

In economic, financial and statistical applications, econometric
models defined with a growing number of parameters and mo-
ment restrictions are increasingly employed. Vector autoregressive
models, dynamic asset pricing models, dynamic panel data models
and high dimensional dynamic factor models are specific exam-
ples; see, e.g., Bai and Ng (2002), Stock and Watson (2010) and Fan
and Liao (2014). Due to the desire to better capture large scale dy-
namic fundamental relations, these models with large number of
unknown parameters of interest are typically used to for time se-
ries data of high dimension due to a large number of variables (rel-
ative to the sample size).

The unconditional moment restriction models are the infer-
ential settings of the Generalized Method of Moment (GMM)
of Hansen (1982), which is perhaps the most popular economet-
ric method for semiparametric statistical inference. There are two
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dimensions that play essential roles in this method: the dimen-
sion of the moment restrictions and the dimension of the un-
known parameters of interest. When both dimensions are fixed
and finite, there is a huge established literature on inferential pro-
cedures, which include but not restrict to Rothenberg (1973) for
the minimum distance, Hansen (1982) and Hansen and Singleton
(1982) for the GMM, Owen (1988), Qin and Lawless (1994) and
Kitamura (1997) for the empirical likelihood (EL), Smith (1997),
Newey and Smith (2004) and Anatolyev (2005) for the generalized
empirical likelihood (GEL). Among these methods, some members
of the GEL (especially the EL) have the attractive properties of the
Wilks theorem (Owen, 1988, 1990; Qin and Lawless, 1994), Bartlett
correction (Chen and Cui, 2006, 2007), and a smaller second or-
der bias (Newey and Smith, 2004; Anatolyev, 2005). See Owen
(2001), Kitamura (2007) and Chen and Van Keilegom (2009) for re-
views.

This paper investigates high dimensional GEL estimation and
testing for weakly dependent observations when the dimensions
of both the moment restrictions and the unknown parameters of
interest may grow with the sample size n. Let p and r denote the
dimension of the unknown parameters and the number of mo-
ment restrictions, respectively. When r > p, we investigate the
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impacts of p and r on the consistency, the rate of convergence and
the asymptotic normality of the GEL estimator, the limiting behav-
ior of the GEL ratio statistics as well as the overidentification test.
To accommodate the potential serial dependence in the estimat-
ing functions induced by the original time series data, the block-
ing technique is employed. This paper establishes the consistency
(with rate) and the asymptotic normality of the GEL estimator un-
der either (fixed) finite or diverging block size M when some suit-
able restrictions are imposed on r, p, M and n. It is demonstrated
that in general the blocking technique with a diverging block size
delivers the estimation efficiency. We also discuss the impact of
the smallest eigenvalue of the covariance matrix of the averaged
estimating function on the consistency and the asymptotic normal-
ity of the GEL estimator. We show that, even in high dimensional
nonlinear time series setting (with diverging M), the GEL ratio still
behaves like a chi-square random variable asymptotically, which
echoes a similar result by Fan et al. (2001) for nonparametric re-
gression with iid data. A GEL based over-identification specifica-
tion test is also presented for high dimensional time series mod-
els, which extends that of Donald et al. (2003) for iid data from
increasing dimension of moments () but fixed finite dimension of
parameters (p) to both dimensions are allowed to diverge (as long
asr — p > 0). Finally, when the parameter space is sparse, a pe-
nalized GEL method is proposed to allow for p > r, and is shown
to attain the oracle property in the selection consistency as well as
the asymptotic normality of the estimated non-zero parameters.

There are some studies on the EL and its related methods under
high dimensionality of both the moment restrictions and the pa-
rameters of interest. Chen et al. (2009) and Hjort et al. (2009) eval-
uated the EL ratio statistic for the mean under high dimensional
setting. Tang and Leng (2010) and Leng and Tang (2012) evalu-
ated a penalized EL when the underlying parameter is sparse in
the context of the mean parameters and the general estimating
equations, respectively. Fan and Liao (2014) considered penalized
GMM estimation under high dimensionality and sparsity assump-
tion. These papers assume independent data. Recently, by allowing
for dependent data but losing the self-standardization property of
the EL, Lahiri and Mukhopadhyay (2012) proposed a modified EL
method by adding a penalty term to the original EL criterion for es-
timating the high-dimensional mean parameters withr = p > n.
Lahiri and Mukhopadhyay (2012) did not implement data block-
ing in their modified (penalized) EL for the means despite the mo-
ment equations are serially dependent. The EL ratio statistic based
on their modified EL method is no longer asymptotically pivotal.
As aresult, any inference based on this modified EL has to use data
blocking or other HAC long-run variance estimation. The rationale
in our paper is to preserve the attractive self-standardization prop-
erty of the GEL in high dimensional time series setting; doing so
makes our allowed dimensionality smaller than that in Lahiri and
Mukhopadhyay (2012) but maintains simple GEL inference.

The rest of the paper is organized as follows. Section 2 intro-
duces the high dimensional model framework and the basic reg-
ularity conditions. Sections 3 and 4 establish the consistency, the
rate of convergence and the asymptotic normality of the GEL esti-
mator. Sections 5 and 6 derive the asymptotic properties of the GEL
ratio statistic and the overidentification specification test respec-
tively. Section 7 presents a penalized GEL approach for parameter
estimation and variable selection when the unknown parameter
is sparse. Section 8 reports some simulation results and Section 9
briefly concludes. Technical lemmas and all the proofs are given in
the Appendix.

2. Preliminaries
2.1. Empirical likelihood and its generalization

Let {X;}"_, be a sample of size n from an R%-valued strictly
stationary stochastic process, where d denotes the dimension of X,

and 6 = (04, ..., 6,) be a p-dimensional parameter taking values
in a parameter space ®. Consider a sequence of r-dimensional
estimating equation

g(Xta 0) = (gl(va 0)7 L) 7gT(Xf7 0))/

for r > p. The model information regarding the data and the
parameter is summarized by moment restrictions

E{g(Xi,00)} =0 (1)

where 6y € © is the true parameter. As argued in Hjort et al.
(2009), the moment restrictions (1) can be viewed as a triangular
array where r, d, X;, # and g(x, #) may all depend on the sample
size n. We will explicitly allow r and/or p grow with n while
considering inference for 6y identified by (1). Although there is
often a connection between d and r which is dictated by the context
of an econometrical or statistical analysis, the theoretical results
established in this paper are written directly on the growth rates of
r and p relative to n. Hence, we will not impose explicit conditions
on d which can be either growing or fixed. Certainly, when d
diverges, it would indirectly affect the underlying assumptions
made in Section 2.3, for instance the moment condition and the
rate of the mixing coefficients.

We assume the dependence in the time series {X;} satisfies the
a-mixing condition (Doukhan, 1994). Specifically, let #; = o (X; :
u <t < v) be the o-field generated by the data from a timeu to a
time v for v > u. Then, the o-mixing coefficients are defined as

ax (k) = sup sup [P(ANB) — P(A)P(B)| foreachk > 1.

0
4 pAeFl  BeF

The o-mixing condition means that ax (k) — 0 as k — oo. When
{X;} are independent, ax (k) = O forall k > 1.

We employ the blocking technique (Hall, 1985; Carlstein, 1986;
Kiinsch, 1989) to preserve the dependence among the underlying
data. Let M and L be two integers denoting the block length and
separation between adjacent blocks, respectively. Then, the total
number of blocksis Q = | (n — M)/L] + 1, where | -] is the integer
truncation operator. For each g = 1,..., Q, the gth data block
By = Xg-1i+1,---»Xg-1r+m). The average of the estimating
equation over the gth block is

1 M
éu (Bg. 0) = o Zg(x(q—l)L+ms 0). (2)
m=1

Clearly, E{¢m(Bg, 00)} = 0.Foranynand @ € O, {¢u (B, 0)}Q:]
is a new stationary sequence. The blockwise EL (Kitamura, 1997) is
defined as

Q Q Q
£(0) = Sup{l—[nqlnq >0, my=1,)  mpu(By, 0) = o}.
q=1 q=1 q=1

(3)

Employing the routine optimization procedure for the blockwise
EL leads to

Q
1 1
£0) = { - } (4)
ql:! Q 1+ A(6) pu (By. )
where X(O) is a stationary point of the function g(A) = — 23:1

log(1 + X'¢wi (By. 0)}. R

The EL estimator for 6y is 0y = argmaxgce logL(#). The
maximization in (3) can be carried out more efficiently by solving
the corresponding dual problem, which implies that g can be
obtained as

Q
Op = argmin max " log{1+ 2'¢u (B, 0)}, (5)
0O reAn(9) e
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where 4, (0) = [AeR : NopuBy, 0 eV, q=1,...
0 € ® and 'V is an open interval containing zero.

The link function log(1 + v) in (5) can be replaced by a general
concave function p(v) (Smith, 1997). The domain of p(-) contains
0 as an interior point, and p(-) satisfies p,(0) # 0 and p,,(0) < 0
where p,(v) = 9p(v)/dv and p,,(v) = 3?p(v)/dv% The GEL
estimator (Smith, 1997; Newey and Smith, 2004) is

,Q} forany

0, = N (By, 0 6
argl{}él(r)lkgiz)Zp( om(By, 0)), (6)

which includes the EL estimator /67EL of Owen (1988), the expo-
nential tilting (ET) estimator of Kitamura and Stutzer (1997) and
Imbens et al. (1998) (with p(v) —exp(v)), the continuous
updating (CU) GMM estimator of Hansen et al. (1996) (with a
quadratic p(v)), and many others as special cases. Define

- 1<
Su(0,0) = — Y p(Mg(6)). (7)
Q &

Then 5,1 and its Lagrange multiplieri satisfy the score equation
V520, %) = 0.

By the implicit function theorem [Theorem 9.28 of Rudm (1976)],
for all @ in a || - ||>-neighborhood of on, there is a k(0) such that
V3Su(0,1(0)) = 0 and A(O) is continuously differentiable in
0. By the concavity of S,(0, A) with respect to A, S,(0, A(§)) =
max; 3, g Sn(#, 1). From the envelope theorem,

0 = V45,0, A(6)) !9:5

1< ~~ ~ ~ o~
) Zpu(A(On)'¢q(0n)){Ve¢q(0n)}'>»(0n)- (8)
qg=1

The role of the block size M played in the consistency and the
asymptotic normality of the GEL estimator @, will be discussed in
Sections 3 and 4, respectively.

2.2. Examples

We illustrate the model setting of high dimensional moment
restrictions framework through three examples.

Example 1 (High Dimensional Means). Suppose {X;};_, is a station-
ary sequence of observations, where X, € R? and 6, = E(X,).
For high dimensional data, d diverges and g(X;, ) = X; — @ con-
stitutes the simplest high dimensional moment equation, which
implies the dimension of observation d, the number of moment
restrictions r and the number of parameters p all are the same.
Under this setting and for independent data, Chen et al. (2009)
and Hjort et al. (2009) considered the asymptotic normality of the
EL ratio, that mirrors the Wilks theorem for finite dimensional case.

This framework can be used in other inference problems. For
instance checking if two univariate stationary time series {Y;} and
{Z:} have identical marginal distribution. Let

fr(s) = E(€"") and fz(s) = E(e"*)

denote the characteristic functions of the two series, respectively.
Suppose all the moments of Y; and Z; exist, then the characteristic
functions can be expressed as

(is)* (is)¥

E(Y") and fz(s)_1+Z—E(2)

frs) =1 +Z

LetX; = (Y¢,Z) and g(X;, 0) = (a;1(Yy —Z — 01), ..., ar(Ytr -
—6,))’ for some nonzero constants a, . . ., a,. Here 6, measures

y) and h(u(y)) =

E(Y)) —E(})forl = 1,...,r,and the a;'s are used to account for
the potential diverging moments case, i.e, either E (Y[’) orE (Zt’) may
diverge as | — oo. Then, the test for whether Y; and Z, having the
same marginal distribution can be conducted by testing if 8 = 0
via the growing dimensional moment restrictions E{g(X;, 8p)} = 0
by letting r — oo0.

Example 2 (Time Series Regression). We assume a structural
model for s-dimensional time series Y; which involve unknown
parameter # € RP of interest as well as time innovations with
unknown distributional form. Specifically, assume

h(Ye,...,Yi—m; 0p) =& € R 9)

where m > 1 is some constant. In this model, we can view
X = (Y,...,Y, ) € Riwithd = smand g(X;,0) = h(Y;,
., Y m; 0).IfE(e;) = 0, it implies

E{g(X;, 00)} = 0.
For conventional vector autoregressive models

Ye =AY 1+ +AnYeom + 0 (10)

where A4, ..., A, are some coefficient matrices needed to be es-
timated and 7, is the white noise series, it is the special case of (9)
with

h(Ye, ..., Yeem; 00) = (Ve =AY g — - -+
W/, ....,Y_,).

In modern high dimensional time series analysis, we always as-
sume the dimensionality of Y; is large in relation to sample size,
i.e, s —> ooasn — oo.Under such background, the num-
bers of estimating equation and unknown parameters are both
s?m. If we replace (Y/,...,Y/,_,) by (Y/,...,Y/ ) for some
fixed | > 1, the model will be over-identified. The phenomenon
of over-parametrization in such model is well known (Liitke-
pohl, 2006). Davis et al. (2012) considered the estimation of (10)
under the sparsity assumption on A;’s. Under the sparsity, the
penalized method proposed in Section 7 can be applied. Some
other models share the form (9) can be found in Section 3.1 of
Nordman and Lahiri (2014).

- Am thm)

Example 3 (Conditional Moment Restrictions). Let

{X; = (Y{,Z])'}{_, be a set of observations, and p(y, z, §) be a
known J-dimensional vector of generalized residual function. The
parameter 6y is uniquely defined via the following conditional
moment restrictions

E{p(Y:, Z:, 00)|Y:} = 0 almost surely. 11

By different choices of the functional forms of the generalized
residual function p(y, z, #), the conditional moment restrictions
(11) include many existing models in statistics and econometrics
as special cases. The popular generalized linear models are special
cases of (11). To appreciate this point, let u(y) = EZ|Y =
y'6y for an increasing link function h(-).
Then the generalized linear models are special cases of (11) with

p(y! Z, 00) =Z— hil(_y/oo)'

Let ¢(y) = (qik(y), ..., q () denote a K x 1 vector of
known basis functions that can approximate any square integrable
functions of Y well as K — o0, such as polynomial splines,
B-splines, power series, Fourier series, wavelets, Hermite polyno-
mials and others; see, e.g., Ai and Chen (2003) and Donald et al.
(2003). Then, (11) implies

E{p(Ye, Z:, 60) ® ¢“ (Y1)} = 0. (12)
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Moreover, the unknown parameter 6 is a solution to this set of
increasing dimensional (r = JK) unconditional moment restric-
tions (12). The dimension K will increase with n to guarantee the
consistency of the estimator for @y and its asymptotic efficiency.
Define g(X;, ) = p(Y:, Z:, 0) ® q€(Y,), then (12) is a special case
of (1). The number of moment restrictions r = JK increases as K
does. For this model with iid data, Donald et al. (2003) apply the
GEL method to the increasing number of the unconditional mo-
ment restrictions (12) to obtain efficient estimation for finite fixed
dimensional 6. They find that the diverging rate of the moment
restrictions r = JK depends on the choice of the basis functions
q¥(y). For example, if g€ (y) is a spline basis then r = JK could
grow at the rate of K = o(n'/?).

2.3. Notations and technical conditions

Throughout the paper, we use Cs, with different subscripts, to
denote positive finite constants which does not depend on the
sample size n. For a matrix A, we use ||Al|r and |Al|> to denote
its Frobenius-norm and operator-norm respectively, i.e., ||Allf =

Ja\11/2 1/2 .
{tr (AA)} 7" and |All; = {Amax (A'A)} . If a is a vector, |l
denotes its L,-norm. Without causing much confusion, we denote
the ith component of g(x, #) by gi(x, #); and simplify g(X;, 0)
and ¢y (By, ) by g:(0) and ¢, (), respectively, where ¢y (By, 0) is
defined in (2). Furthermore, we use g ;(#) and ¢, ;(#) to denote
the jth component of g;(f) and ¢,(0) respectively. Let g(8) =
n~137 g0 and $() = Q! 23:1 ¢¢(0). Additionally, define

Vi = Var{M'?¢,(8p)} and V, = Var{n'’g(8,)}

which are the covariance of the averaged estimating functions over

a block and the entire sample respectively. Clearly V)y = V, if
M = n. The following regularity conditions are needed in our
analysis.

(A.1) (i) {X;} is strictly stationary and there exists y > 2 such
that Y2 kax(k)'=%7 < oo; (ii)M > Land M/L — ¢ > 1;
(iii) E{g; (o)} = 0 and there are positive functions A;(r, p) and
A;(g) such that for any ¢ > 0,

>
{06(")2”61‘950”225) IE{g: (@)}l2 = Aq(r, p)Az(e) > 0,
whereliminf; p—.oo A1(r, p) > 0;(iv) supgee 18(0) —E{g: (D)} =
op{A1(r, p)}.

(A.2)(i) 6y € int(®) and O contains a small || - ||,-neighborhood
of 6 in which g(x, 0) is continuously differentiable with respect to
0 for any x € X, the domain of X;, and

0gi(x, 0)
36;

<Tjx) (=1,...,r5j=1,...,p)

for some functions T, ;;(x) with E{Tiij(Xt)} < C for any i,j;
(ii) supgee 18X, 0)ll2 < r'/2By(x), where E{B} (X;)} < C for y
given in (A.1)(i); (iii) E{|gt‘j(00)|21’} < Cforallj = 1,...,r;
(iv) the eigenvalues of [E{Vyg:(0)})'[E{Veg:(0)}] in a || - |-
neighborhood of 6, are uniformly bounded away from zero and
infinity; suppeo Amax{n ™' Y 1, &(0)g:(9)'} < C with probability
approaching to 1.

(A.3)Ina||-||-neighborhood of 8y, g (x, #) is twice continuously
differentiable with respect to @ for any x € X, and for some
functions K, ;i (x) with E{K? .. (X;)} < C for any i, j, k,

n,ijk
9°gi(x, )
36;06,

Condition (A.1)(i) specifies the rate of decay for the mixing
coefficients via a tuning parameter y as commonly assumed in

< Kn,ijk(x) i=1,....,r55,k=1,...,p).

the analysis of weakly dependent data. When the data are inde-
pendent, ax(k) = O for all k > 1 and this condition is au-
tomatically satisfied for any y > 2. Kitamura (1997) assumed
Y e ax (k)77 < oo for fixed finite dimensional EL, which im-
plies M1 Zf’:l kax (k)1=%/Y — 0 by Kronecker’s lemma. In the
current high dimensional setting, we need stronger condition on
the mixing coefficients in order to control remainder terms when
analyzing the asymptotic properties of the GEL estimator and the
GELratio. If {X; } is exponentially strong mixing (Fan and Yao, 2003)
so that ax (k) ~ o* for some ¢ € (0, 1), then (A.1)(i) is automat-
ically valid for any y > 2. (A.1)(ii) imposes a condition regarding
the two blocking quantities M and L, which is commonly assumed
in the works of block bootstrap and blockwise EL. (A.1)(iii) is the
population identification condition for the case of diverging pa-
rameter space. A similar assumption can be found in Chen (2007)
and Chen and Pouzo (2012). The last part of (A.1) is an extension
of the uniform convergence. If p is fixed, under the assumption of
the compactness of ® and some other regularity conditions, fol-
lowing Newey (1991), supgce 118(6) — E{g: (@)}l = 0,(1) which
is a special case of (A.1)(iv) with A{(r, p) being a constant.

As conditions (A.1)(iii) and (iv) are rather abstractive, we
illustrate them via the examples given in Section 2.2. For Example
1, we can choose A1 (r, p) = 1and A;(e) = &. For the conditional
moment restrictions model (Example 3), a common assumption
in the literature is that for any a(Y;) with E{a®(Y;)} < oo there
exists a K x 1 vector yy such that E[{a(Y,;) — yxq“(Y)}*] — 0
as K — oo.Forany § € {0 : |0 — 0yl > &}, let Ix(9)
satisfy E[|[E{p(Ye, Z, 0)|Y,} — Tk(@)g“(Y)[5] — 0as K — oo.
If supy |E{p (Y, Z, 0)|Y: = y} — Tk (0)q“ (¥)||l2 = O(K ") for some
A > 1/2,then

IE{g:®)}2 = |ELTk@)q" (Yo} @ ¢“ ()1,
— |Elp(Ye, Z:, 0) — Tk (0)q (Y} ® ¢“ (Y01],
> hmin(E{@* (YO d“ YD)} 1T O) Il
— 0 (erlE{g (Yo (Yo' 1) .
Under the assumption that the eigenvalues of E{g* (Y;)g* (Y;)'} are
uniformly bounded away from zero and infinity, we have

{06(9:”61‘[,100”228} ” {gf( )}”2

zc[ inf ||n<<0)||r—1<”“}
{0cO:0—0glI2>¢}

12—

> LM_):;ggollzzg}E[llE{p(Yt, Z. )Y} ,] -k }

Hence, as 6 is the unique root of E{p(Y;, Z;, 0)|Y;} = 0, (A.1)(iii)
holds provided that the lower bound in the above inequality is
greater than or equal to A;(r, p) A, (¢). In addition, if the general-
ized residual function p(y, z, #) is continuously differentiable with
respect to 6. Then,

|E{p(Ye. Z:, 0)|Y2} ],

> 110 — 6ol A yin (E[ (Vo (Ye, Zc, 67)Y (Vop (Y, Z, 0)}1Y,])
where 6* is on the line joining 6, and . If the eigenvalues
of E[{Vep(Ye, Z¢, 0)Y{Vep (Y, Z;, 0)}|Y;] are uniformly bounded
away from zero, A¢(r, p) and A,(e) can be chosen as some con-
stant C and ¢, respectively.

Condition (A.2)(i) assumes that the first derivatives of g;(x, #)
near @y are uniformly bounded by some functions which have
bounded second moments. (A.2)(ii) generalizes the moment con-
ditions on g(x,#) for fixed dimensional case (Qin and Law-
less, 1994; Kitamura, 1997; Newey and Smith, 2004). More
generally, we can replace the factor r'/?2 by some function
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() > 0.Welet ¢(r) = r'/? to simplify the presentation.
(A.2)(iii) is the moment assumption on each g; j(6y). The first
part of (A.2)(iv) is an extension of that assumed in the EL or
the GEL in the fixed dimensional case (Qin and Lawless, 1994;
Kitamura, 1997; Newey and Smith, 2004). The second one of
(A2)(iv) is to bound supgco Amax{Q Zqul ¢q(0)g(6)'}. Our
proofs in the Appendix can be easily extended to allow for
SUPgeo Amax{Q ™! Zqul ¢q(0)¢4(0)'} diverging in probability. Note
that we do not assume the eigenvalues of V), or V;, being bounded
away from zero and infinity, but rather leave it open for spe-
cific treatments in Sections 3 and 4 for the consistency and the
asymptotic normality of the GEL estimator. Our subsequent anal-
ysis shows that, to obtain the main results of the paper, Amin(Vy)
is allowed to decay to zero at certain rates by properly restricting
the diverging rates of r and p. Condition (A.3) ensures the second
derivatives of g;(x, 6) near 6, are uniformly bounded by functions
which have bounded second moments.

3. Consistency and convergence rates

To study the consistency of the GEL estimator'(;n defined by (6),
we need the following conditions regarding the dimensionality r,
the block size M and the sample size n:

M2 v = o(1) and r*M3n7! = o0(1). (13)

Theorem 1. Assume conditions (A.1),(A.2) and that the eigenvalues
of Vyu are uniformly bounded away from zero and infinity. Then,

if (13) holds, 18, — 6], > 0. Ifin addition, r 2pM?n~! = o(1),
then (|0, — 0oll, = 0,(r'>n=12) and IA@l> = o,,(rWMn—l/z)

__ This theorem provides the consistency of the GEL estimator
0, for both independent and dependent data when the blocking
size M is either finite or diverging. For independent data, V}; =
E{g1(60)g1(0y)'} for any M > 1. Thus, to make r have a faster
diverging rate, we select the block size M = 1. For dependent data,

M—1 i
Vi = E{g1(60)g1(00)'} + Z(l - M<> [E{g1(00)g111(00)"}
k=1
+ E{g14+1(00)g1(00)'} ]-

However, if {g;(fo)}{_; is a martingale difference sequence, then
Vi = E{g1(00)g1(0y)’} forany M > 1and M = 1 should be used to
make r have a faster diverging rate. Furthermore, if the eigenvalues
of V) are uniformly bounded away from zero and infinity for some
fixed M, (13) is simplified to

rn?/v=1 = o(1).

Here y determines the number of moments of the estimating equa-
tion as specified in (A.2)(ii) and (A.2)(iii). Then, r = o(n'/>~1/7)
ensures the consistency of the GEL estimator @,,. For large enough
v, r will be made close to o(n'/?), which is the best rate we can
established.

Theorem 1 encompasses the existing consistency results for the
GEL estimator in the literature. Indeed, if r is fixed and the data are
independent, Theorem 1 implies that both ||0 —0q]l2 and ||k(0 )2
are O (n“/z) which are the same as the rates obtained in Qin and
Lawless (1994) for the EL and Newey and Smith (2004) for the
GEL. If r is fixed but the data are dependent Theorem 1 means
that |8, — 0o, = 0,(n" /%) and A6 = 0 ,(Mn~1/2), which
coincides with the result of Kitamura (1997) for the EL estimator.
Ifr is diverging and the data are independent, both ||0 —09]||> and
IA(8,) | are 0,(r'/2n=1/2), which retain the results in Donald et al.
(2003) and Leng and Tang (2012).

The following is an extension of Theorem 1 by allowing Vj; to
be asymptotically singular, namely Apin (V) — 0asr — oo, with
M being either fixed or diverging.

Corollary 1. Assume conditions (A.1), (A.2), and that Anin(Vy) <
r~'1 for some 11 > 0 and Amy (Vi) is uniformly bounded away
from zero and infinity. Then [|6, — 6|, = O0,(r1+W/2p=1/2)
and |[2(0,)|l, = 0, (r'"+3/2Mn=1/2) provided that r>*31M>=2/v
n?/v=1 = o(1), r*2aM3n~! = o(1), r*1pMn~! = o(1) and
rirapMn~! = o(1).

This corollary shows that when the smallest eigenvalue of Vi
is not bounded away from zero, the convergence rates for 0 and
the Lagrange multiplier A(G ) become slower. Theorem 1 can be
viewed as a special case of Corollary 1 with ¢; = 0.

The convergence rate of ||#, — 6], attained in Theorem 1 is
dictated by r, the number of the moment restrictions, rather than
by p, the dimension of #. Under slightly stronger conditions the
next proposition improves the convergence rate to O,(p'/?n=1/2).

Proposition 1. Under conditions (A.1)-(A.3), assume that the
eigenvalues of Vi and V, are uniformly bounded away from zero
and infinity. Then ||6, — 6ll, = 0,(p"/>n~1/?) provided that
r3M22rp2lv=1 = o(1), r*M?n~! = o(1), r*pMn~! = o(1) and
r*p’n~! =o(1).

4. Asymptotic normality

__ We now turn to the asymptotic normality of the GEL estimator
0,. We are in particular interested in the effect of the block size
M on the estimation efficiency. Based on the con51stency of 0 and
A(0 ) given in Theorem 1, expanding VAS (0n, A(O ) = 0f0rk(0n)
around A = 0 gives

1< ~
= a Z Pv (O)¢q(0n)
q=1
1< ~ o~ ~ ~ o~
+ ) Z Pov (X 0q(01))q(01) P (0,) 1(6,,), (14)
q=1

where X is on the line joining 0 and 3:(5,1). From (8) and (14), it
yields

1 & ~ ~ ~
[— > p,,(A(on)/qsq(on)){vaqsq(an)}l
Q&

12 ~ o~ ~ ~ 1~
X {Q Z pvv(k’¢q(0n))¢q(9n)¢q(9n)’} ¢(6,) =0. (15)
q=1

Based on (15), we can establish the following proposition which is
the starting point in our study of the asymptotic normality of €,,.

Proposition 2. Under conditions (A.1)-(A.3), assume that the
eigenvalues of Vy and V,, are uniformly bounded away from zero and
infinity. If r*pM?n~' = o(1) and (13) holds, then for any vector
o, € RP with unit L,-norm,
/e, (IE{Vog (00)}]'Vy; ' VoV [E{Voge (80)}) ™"/
x [E{Vg:(00)}]'Vy; ' [E{V0g: (80)}]1(6, — 60)
= —/net, ([E{Vog: (00)}]'Vy; ' VoV [E{Vege (80)}) /2
X [E{Vogt (0)}] Vi '8(B0) + 0p(r*/*p'/>M"2n~112)
+Op(r3/2pn_l/2) + Op(r3/2M1 1y glr= 1/2)
+ Op(r3/2M3/2n*”2).
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Proposition 2 covers both the finite and diverging M cases.
When M is diverging, ||V —V; ||, — 0 provided thatr = o(M). We
can replace V,; 1Vr,V,\; ! on the left-hand side of above asymptotic
expansionby V- ! via adding an extra high order term on the right-
hand side of the asymptotic expansion. Let

By = —Vy; ' [E{Vogc(00) N ([E{Vag: 00)}1'Vy ' VaVy,!
x [E{Veg:(00)}]) ety (16)

and U, = n" 2B/ g.(8y) fort = 1,...,n. From Proposition 2,
a major point of interest is under what conditions Y ;_, Uy is
asymptotically normal.

Let us first consider the easier case where the observations
{X;}}_, are independent. From Lindeberg-Feller theorem (Durrett,
2010), to attain the asymptotic normality of Zf;l Up ¢, it suffices
to verify the following two conditions,

n n
(i) Y EWZ) — 1 and (i)Y E{UZ gy, -0} — O
t=1 t=1
asn — oo forany e > 0.

Actually, V, = Vy = E{g(09)g:(6y)'} in this case. Hence,
YU E(U2) = 1. Note that B> < Apni (V) which is
uniformly bounded away from infinity if Ayin(V,) is uniformly
bounded away from zero. Hence, by (A.2)(ii),

(n1/25)y_25[|ﬂ;gt(00)|21{\ﬂ’ng[(90)|>n1/25)]
< E{lB,g©00)"} < Cr'/2,

which implies that part (ii) holds if n**~! = o(1). Therefore,
S Une 4 N(0, 1) provided that m*”*=' = o(1) for any se-
lection of &,, € RP with unit L,-norm.

For dependent data, we need to assume sup,, E{ |ﬂ;gt 00?7} <
oo for some v > 0, namely |B,g:(8)| has a higher than two uni-
formly bounded moment. This is required in the central limit the-
orem for dependent processes as carried out in Peligrad and Utev
(1997) and Francq and Zakoian (2005). It is used to guarantee the
limit of Var{n=2 "7, B/g:(6o)} can be well defined as n — oc.
More specifically, notice that

1 n
Var{ —7 2B (00>}
t=1

n—1 k
= E{|8,81(00) 1} + 2 Z(l )E{ﬁ;gl (00)g114(60)' B},
k=1

9
n

to define the limit of above sum of series, we need that
Var{n=1/2 3" | B.g:(8y)} is absolutely convergent, i.e.,

n—1 K
lim [E{mggl(eo)ﬁ + 22(1 - §)|E{ﬂ:,g1 (oo>gl+k<oo>/ﬂn}|]
k=1

< Q.

By Davydov inequality (Davydov, 1968; Rio, 1993), the absolute
convergence of Var{n="2)"! | B.8:(80)} will hold by requiring
sup, E{|8,8:(80)|*"} < oo for some suitable v.

For high dimensional moment equation g(x, #) with diverging
r, we need

sup E{|B,,8:(60)|"} < o0 (17)

for B, defined via (16) and y > 2 specified in (A.1)(i). A sufficient
condition for (17) is to restrict

B, € DK) = {(m, v2,...) ER®: Z lvg] < K},
k=1

where K is a given finite constant. To appreciate this, write 8, =
(Bu1s - Bur) andlet k, = Y0, |Bnjl. Then,

Y
E{Iﬂ;gt(é’o)ly}:KZE{ }51<VC,

) Msign(ﬂn.j)gu )
=

where the last step is based on Jensen’s inequality and (A.2)(iii). If
Z;:l |Bnjl — o0 asn — oo, we can construct a counter-example
such that sup, E{|B,g: (05)|>"'} — oo forany v > 0. The following
theorem establishes the asymptotic normality of/én.

Theorem 2. Under conditions (A.1)-(A.3), assume that the eigen-
values of Vi and V,, are uniformly bounded away from zero and in-
finity. For dependent data, if

M2t = (1), M3 = 0(1),
r*pMn~! =0(1) and r*p’n~! =o0(1), (18)
then for any o, € RP with unit Ly-norm such that (17) holds,

Ve, (E{Veg: (00)}1'Vy, ' ViV, ' [E{ Vogi (80)}1) "/
x [E{Vog:(00)1'Vy; ' [E{Vog: (00)1(8, — 6o)
converges to N(0, 1) asn — oo.

For finite block size M, the above asymptotic distribution holds
provided that

r?n?""1=0(1) and r’p*n~! =o0(1).
Since

(IE(Vg: (B0)}]'Vyy '[E{Voge 00)}]) ™ (E{ Vgt (00)}] Vi ' VaViy'
X [E{Vog: (00)} ) (LE{Vog: (00)}] V' [E{Vig: (80)}]) "
> ([E{Vog: (00)}1'V, '[E{Vag(Bo)}) ",

the GEL estimator is asymptotically efficient if ||Vj)y — V4]l — O,
which implies V;,; 1VHVM !is asymptotically equivalent to vV, 1. This
means that if {g;(0y)};_, is a martingale difference sequence, as
Vi =V, = E{g1(09)g1(6)’} for any M > 1, selecting M = 1 will
lead to the efficient GEL estimation. In a general case where the
nature of the dependence in the estimating function is unknown,
letting M — oo at some suitable diverging rate, so that (18) is
satisfied, will lead to the efficient estimation. Specifically, as

M
Vi = Vallz < CrM™1 ) " kax (k) =/,
k=1

under (A.1)(i) and (A.2)(ii), choosing M — oo such that r = o(M)
produces the asymptotically efficient GEL estimator 6,. According
to (18) and r = o(M), the divergence rate in M is M =
O(n{(V_Z)/(SV_Z)}/\l/G) whiler = O(n{(V_z)/(SV_Z)}Al/G)' regardless
p being fixed or diverging. Under such setting, the best growth rate
forrisr = o(n'/) when y > 10. In comparison with the case
of finite M, while letting M — oo can guarantee the efficiency, it
does slows the divergence of r.

If the smallest eigenvalues of V), and V,, decay to zero asr —
00, we assume Amin(Vy) =< r~*1 and Agin(Vy,) < r~2 for some
positive ¢; and ¢,. Based on Corollary 1, by repeating the proof of
Proposition 2 in the Appendix, it can be shown that the leading
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term in the asymptotic expansion of Proposition 2 remains while
the four remainder terms become

Op(r(3+611+t2)/2p1/2M1/2n71/2) + Op(r(3+4t]+lz)/2pnf1/2)
+Op(r(3+5t1+tz)/2M1—l/ynl/y—l/Z) +Op(r(3+5t1+L2)/2M3/2n—1/2)

provided that the conditions governing r, p, M and n assumed in
Corollary 1 hold. By the central limit theorem established in Francq
and Zakoian (2005), the leading term in the asymptotic expansion
of Proposition 2 converges to N (0, 1) regardless Amin (Vyy) — 0and
Amin(Vn) — 0 or not. Hence, the asymptotic normality of the GEL
estimator 6, is valid free of the statue of the eigenvalues of V,; and
V... The difference is that when Ain (V) — 0and Apin(V,) — 0,
the growth rate of r and/or M are reduced.

To put the growth rate of r into perspectives and to highlight
the impacts of data dependence, we consider the independent
analogue of Theorem 2 in the following, whose proof is obtained
by assigning ax (k) = 0 and M = 1 in Proposition 2.

Corollary 2. Under conditions (A.1)-(A.3), assume that the eigen-
values of E{g1(60)g1(60)’'} are uniformly bounded away from zero
and infinity. For independent data, if r>p*n~" = o(1) and r3n?/v 1
= 0(1), then for any e, € RP with unit Ly-norm,

Vet ([E(Vog: (60)}]'V;,  [E{Vage (00)}) 2@, — 60) = N0, 1)
asn— oQ.

The above corollary shows that under independence, the
growth rate for r is o(n'/3=%/Gv)) if p is fixed. If y is sufficiently
large, the rate of r can be close to o(n'/3). If p grows with r and
p/r — y € (0,1], then r = o(n{1/3=2/GIA1/5) 1n particular, if
y > 5,1 = o(n'/®) which retains Theorem 2 in Leng and Tang
(2012) for the EL estimator. Comparing the growth rates for r under
the dependent and independent settings, when M is diverging, we
see a slowing down in the rate under dependence from o(n'/®) to
o(n'/%) if the best moment conditions hold.

If p, the dimension of 0, is fixed, as in a case of conditional
‘moment restrictions in Example 3, the asymptotic normality of
0, can be attained with some ease. It can be shown that 8, is
automatically in OH(K) for a large enough K, which implies the
condition (17) holds for any &, € RP with unit L,-norm. This is
summarized in the following corollary.

Corollary 3. Under conditions (A.1)-(A.3), assume that the eigen-
values of Vy and V,, are uniformly bounded away from zero and in-
finity. For dependent data, if p is fixed, then for any a;, € RP with unit
Ly-norm,

o, ([E{Vg: (00)}'Vy; ' ViV, ' [E{ Vog: (00)}]) /2
x [E{Vog:(00)}1'Vy; '[E{Veg: (80)}1(8, — 80)

converges to N(0, 1) as n — oo, provided that r3M?>~2/Yn?/v=1 =
o(1) and r*M>n~1 = 0(1).

This Corollary with M = 1 recovers that in Donald et al. (2003)
for iid data.

5. Generalized empirical likelihood ratios

The EL ratio w,(0) = —21og{Q%.L(6)} for £(6) defined in (4)
plays an important role in the statistical inference. A prominent
result for fixed dimensional EL is its resembling the parameter
likelihood by have a limiting chi-square distribution under a wide
range of situations, as demonstrated in Owen (1988), Chen and Cui

(2003), Qin and Lawless (1994) and Chen and Van Keilegom (2009)
for independent data, and Kitamura (1997) for dependent data.
For GEL, we define the GEL ratio as

wp(0) =

20,,(0) { g } (19)

Qp(0) — max (X ()
p2(0) reAn(®) q;: !
which is the extension of the EL ratio in the GEL framework.

We consider the asymptotic distribution of the GEL ratio w,(6g)
when both r and p are diverging. Under such setting, a natural form
of the Wilks theorem is

r) " V2w, @0) — 1} 5 N, 1) asr — oo. (20)

For the case of means where g;(f) = X; — 6 with independent
observations, Chen et al. (2009) and Hjort et al. (2009) evaluated
the impact of the dimensionality on the asymptotic distribution
(20) for the EL ratio by providing various diverging rates for r. For
parameters defined by general moment restrictions, establishing
the limiting distribution of the GEL ratio is far more challenging.
We need the following stronger version of (A.1)(i):

(A.1)(i) There is some 7 > 8 such that ax (k) =%/” =< k™" where
y is given in (A.2).

Condition (A.1)'(i) is used to guarantee the leading order term
of (19) has the similar probabilistic behavior as the chi-square dis-
tribution. It is automatically satisfied with n = oo if X; is exponen-
tially strong mixing or independent. We also need the following
conditions:

M2 = o(1),  r*MPn~' =o(1) and

M
PPMTY kax(k)' 727 = o(1). 21
k=1
Define
n—38 2
%- = ml{8<n<32} + ﬁl{Szgngoo} + l{independentdata}- (22)

The next theorem establishes the asymptotic distribution of
wn(oo)'

Theorem 3. Under conditions (A.1)'(1), (A.1)(ii) and (A.2)(iii),
assume that the eigenvalues of V,, are uniformly bounded away from
zero and infinity. If (21) holds and r = o(n®) where & is defined
in (22), then

Cr) 2 (wa@) — 1) > N©,1) asr — .

This theorem is new for dependent data and includes some
established results for independent data as special cases. For
independent data, this theorem implies that the asymptotic
normality of the GEL ratio is valid if r = o(n'/3~%/G")) which is the
same as that in Hjort et al. (2009) for the EL ratio with independent
data. Our result is more general than theirs since we allow for GEL
ratio and for dependent data. For dependent data, the block size is
M = 0(nv=2/@r=2yif2 < y < 8and M = 0(n'”®) otherwise,
and hence the asymptotic distribution (20) holds if r = o(n®) with

§ = min[ ——1 + —1
1 <n< <p< N
{8<n<32} 1 {32<n<o0}

r=2, + 2
6, —3 v T 5 lu=s ).
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When 7 and y are sufficiently large, the best diverging rate is
r = o(n*"®) for the dependent case, which is slower than the rate
of r = o(n'/*~2/Gv)) for the independence case.

6. Test for over-identification

For moment restrictions, it is important to check on the validity
of the model by testing the following hypotheses

Ho : E{g(X;,0p)} =0 forsomefy € ® v.s.Hy : E{g(X;,0)} #0
forany 0 € ©.

We consider testing the above hypothesis when r > p, namely the
moment equation overly identify the parameter 6. R

We formulate the test statistic as the GEL ratio w,(6,). For the
EL ratio, it has been demonstrated in the fixed dimensional case
by Qin and Lawless (1994) and Kitamura (1997) that

wn(01) 4 sz_p asn — 0o
under Hy. This mirrors the J-test of Hansen (1982)'s GMM with
fixed and finite dimensions r and p.

To formulate the GEL specification test allowing for increasing
dimensions r and p, we are to study the asymptotic distribution
of wn(o )_under Ho first. We only need to consider its leading
order ng(0 ) {M.Q(0 )}~ g(0n) as the remainder terms in the
asymptotic expansion of w,,(0 ) can be shown to be of a smaller
order. Since 0, is consistent for 6y under Hy, Lemma 17 in the
Appendix establishes the relatlonshlp between the asymptotlc
distributions of ng(0 ) {M.Q(0 )} g(0 ) and ng(0y)'V,” 12(00)
under Hy. We need the following conditions:

'=o(1), pr'2=o0(1),

rPM> 2?71 = (1) and

r3pn_ M3 = o(1),

w (23)
r32y1 Z ko (k)12 = o(1).
k=1

Compared with the conditions for the asymptotic distribution of
wy(6o) in (21), the first two restrictions in (23) are the extra ones
used to control the remainder terms.

Theorem 4. Under conditions (A.1)'(i), (A.1)(ii))-(A.1)(iv), (A.2)
and (A.3), assume that the eigenvalues of V,, are bounded away from
zero and infinity. If (23) holds and r = o(nf), where £ is defined
in (22), then

20 — )} 2w @) — (r — p)} > N©,1) asr — oo.

The asymptotic normality can be used to derive the over-
identification test under high dimensionality and dependence.
Specifically, Hy is rejected if

20 =)} waBn) — (1 = p)} > 214

where z;_, is the 1 — « quantile of N(0, 1).
To show the above GEL test for over-identification is consistent,
we assume that under the alternative hypothesis Hy,

inf [|[E{g(X¢, )} 2 > <. (24)
0co

The following theorem describes the behavior of {2(r — p)} V{w
(0,) — (r — p)} under H;.

Theorem 5. Under conditions (A.1)(i),(A.1)(ii),(A.1)(iv),(A.2)(ii)
and (24), if there is a positive constant € such that r2M1=%/v n?/v—1
(logn)éc=2 = 0(1), r'2Mn~'¢~' = 0(1) and A(r,p)c~! =
0(1), then

20 —p)}y " {waB,) — (r —p)} B 0o asr — 0.

This theorem shows that the GEL test is consistent. Unlike
Theorem 4, this theorem does not require the block size M — o0
and assumes the weaker condition (A.1)(i) (instead of the more
restrictive one (A.1)'(i)). From the proof given in the Appendix
which follows the technique developed in Chang et al. (2013), the
test statistic {2(r — p)}~"/2{w,(8,) — (r — p)} diverges to infinity
at least at the rate of O(r'/?) under H;.

7. Penalized generalized empirical likelihood

In high dimensional data analysis, when the dimension of
parameters is large, i.e,, p — o0, a more reasonable assumption
is that only a subset of the parameters are nonzero. Write 6, =
(o1, - -.,00p) € RP and define A = {j : 6y # O} with its
cardinality s = |A|. Without loss of generality, let 0 = (0“)/, 0(2>/)’,
where 8V € R* and #¥ € RP~S correspond to the nonzero and

zero components respectively, i.e.,, g = (HE)D/, 0’)’. Under such
sparsity, we can allow the number of parameters is larger than the
number of estimating equations, i.e., p > r. However, we still need
to assume s < r, which means that the “real” parameters can be
uniquely identified by the moment restrictions (1). To carry out the
statistical inference on € under the sparsity assumption, we add a
penalty term in (6) and the penalized GEL estimator is defined as

9% = argmin max {Zp(k #m(Bg, 0)) +Q ZPr(W |)}

6O AeAn(G)

where p. (-) is some penalty function with a tuning parameter t.
The following conditions are imposed on the penalty function p (-)
and the tuning parameter t.

(A4) liminf, o liminfy_, o4 p.(0)/T > 0.

(A.5) There exists a positive constant C such that max;c p-
(16i]) < Cr.

Conditions (A.4) and (A.5) hold for many penalty functions such
as the one in Fan and Li (2001) and the minimax concave penalty
of Zhang (2010). Define

S(00) = (IE{Vag:(00)}1'V;;" E{vogrwo)}])”
x (IE{Vag: (00)}1'Vy, ' ViV E{Wgt(o())})

x (IE{Vag: (00)}1'Vy; '[E{Vage (00)}]) .
We correspondingly decompose S(6g) as
s = (S saion) @)

where S11(6p) and S,, () are s x sand (p —s) x (p — s) matrices,
respectively. The following restrictions are needed

str-'naM ' =0(1) and (" 'm)V*M' > oo. (26)

Write the penalized GEL estlmatorzﬁp ) (5(1) )/ and define

Sp(00) = S11(60) — S12(80)S5;' (0)S21(6p).

The following theorem describes the basic properties of the
penalized GEL estimator.

Theorem 6. Under conditions (A.1)-(A.5), assume that the eigen-
values of Vy are uniformly bounded away from zero and infin-
ity. If maxjea p.(16g)) = o(r~"2n~"2), minjes |6gjl/t — o0
and (26) holds, the following results hold.
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1. P{@f,z) = 0} - lasn — oo, provided that (13) holds and
r’pM?n~! = o(1);

2. In addition, if the eigenvalues of V,, are uniformly bounded away
from zero and infinity, then for any e, € R® with unit L,-norm,
then

) o— ~1)
Ve, S, (00) 8,
provided that
(a) for independent data, r’*p?n~! = o(1) and r’n*/? =" = 0(1);
(b) for dependent data, (18) holds and o, satisfies (17) with

By = —Viy '[E{Veg (00)} 1 (IE{Vag: (00)}]'Vy ' ViV, !
x [E{Vog:(00)}1) ' [E{Vag: (00)}]' Vs '[E(Vy 8 (0))]
x {S11(80) — S$12(00)S5, (00)S21(80)} .

— 0(()1)) 4 N(0,1) asn— oo,

Similar to the consistency of GEL estimator, if the eigenvalues
of E{g;(0o)g;(6p)’} are uniformly bounded away from zero and in-
finity, result 1 still holds without blocking technique if r?n%/7~1 =
o(1) and r’pn~! = 0(1) are satisfied. Comparing Theorem 6 with
Theorem 2 and Corollary 2, since S,(6p) < S11(6p), the penalized
GEL estimator is more efficient in estimating the nonzero com-
ponents. Leng and Tang (2012) considered the theoretical results
of the penalized EL estimator for independent data by assuming
p/r — ¢ € (0, 1). Our results extend theirs to penalized GEL es-
timator for weakly dependent data without requiring p/r — ¢ €
0, 1).

8. Simulation results

In this section, we present simulation results to compare
the finite sample performance of the GEL estimators with the
GMM estimator in the high dimensional time series setting. Three
versions of the GEL estimators were considered in the simulations:
the EL, the ET and the CU estimators. We experimented two forms
of the moment restrictions: one was linear, and the other was
nonlinear. The penalized GEL estimator was also considered in the
non-linear case.

We first conducted simulation for the linear moment restric-
tions with g(X;,0) = X — 6. The observations {X;};_, were
generated according to the vector autoregressive (VAR) model of
order 1: X; = ¥ X;_1 + & where & ~ N(0, X)), X: = (0ij)pxp
Oii = 1-— wl' O0iji+1 = 05(] — wz) and 0ijj = 0 for |l —]| > 1.
The stationary distribution of X; is N(0, Xy) where Xy = (0i)pxp
and 0;; = 1,0;+1 = 0.5and ¢;; = O for |i — j| > 1.In this model,
p = r and the true parameter §y = 0 € R”.

The second simulation model was the generalized linear model.
The covariates {Z;};_, were generated with the same VAR(1)
process as the {X;}{_; in the first model setting. The response
variables {Y;}}_, were generated from the Bernoulli distribution
such that P(Y; = 1|Z;) = exp(1 + Z{0y) /{1 + exp(1 + Z;6,)} with
the true parameter g = (0.8, 0.2, 0, ..., 0) € RP. Then

efv- 2} o

In this setting, we have nonlinear moment restrictions

g(X;, 0) = (ﬁ) {Yt __exp(1+276) }

1+ exp(1+Z/0)
where W, = (Z%,, ..., Z;,r)/ forZ, = (Ziy, ..., Zp.) . This model is
over-identified. We considered both non-penalized and penalized
estimators under this model setting.

exp(1+ Z/0o)
1+ exp(1+ Z{0y)

In both simulation models, we chose n = 500, 1000 and 2000,
respectively. The parameter i in the VAR(1) process capturing
the serial dependence was set to be 0.1, 0.3 and 0.5, respectively.
The dimension p was pegged to the sample size n such that p =
[cn®/ 1% |, where ¢ = 10 and 12 in the first model setting, and c = 5
and 6 in the second model setting, respectively. Simulations results
were based on 200 repetitions. For each repetition of each model
setting, we obtained the parameter estimates ’s based on the four
considered estimation methods: EL, GMM, ET and CU under five
regimes regarding the blocking parameters L and M:

Regime (i). L=M = 1;

Regime (ii). M = Ln”sj and L= [05M];
Regime (iii). L=M = [n"?];

Regime (iv). M L3n1/5J and L= [05M];
Regime (v). L = [3n'/®].

Regime (i) means no blocking. Regimes (ii) and (iv) assigned the
block size M to be twice of the block separation parameter L; and
Regimes (iii) and (v) prescribed M = L. For each repetition of the
second model setting, we additionally considered the parameter
estimates 0’s based on the penalized GEL estimation methods. The
penalty function p, (u) used in the simulation satisfied:

(at —u)4
(a—1r

foru > 0, wherea = 3.7,and s, = sfors > 0 and O otherwise.
This penalty function is given in Fan and Li (2001). We applied the
method given in Leng and Tang (2012) to determine the penalty
parameter 7. In each simulation replication, we calculated the L,
distance between @ and 8, as [|0 — 8o|l» = {(8 — 6,) (0 — 6,)}"/2.

Tables 1 and 2 report empirical medians of the squared
estimation errors for the EL, ET, CU and GMM estimators in the
first simulation model with ¢ = 10 and ¢ = 12, respectively.
And Tables 3 and 4 summarize the empirical median for the second
simulation model with the extra penalized GEL estimators. We had
also collected the average of the squared estimation errors, which
exhibited similar patterns as the empirical median. Hence, we only
report the median of squared estimation errors per the suggestion
of one referee.

It is noted that the performance of each estimator at each
given blocking regime was improved when the sample size was in-
creased, which confirms the convergence of these estimators. For
the second nonlinear model, we observed that the performance of
three GEL estimators and their penalized analogues were improved
under the blocking regimes (ii)-(v) which were bona fide block-
ing since L, M > 1. This was not that surprising since dependence
was presence in both simulated models, and applying the blocking
can improve the efficiency of the estimation. However, the perfor-
mance of the GMM estimator were largely similar regardless of the
blocking regimes used. The empirical medians of the squared esti-
mation errors of the GMM estimator were much larger than those
of the GEL estimators, which confirmed the existing research on
GMM versus GEL for finite fixed dimensional settings (Newey and
Smith, 2004; Anatolyev, 2005). Among the three GEL estimators,
we observed that while they were largely similar under the first
simulation model, the EL and the ET estimators performed better
than the CU estimator for the logistic regression model. This might
be due to the multivariate asymmetry in the moment conditions,
which makes the bias term of the CU estimator more pronounced,
as shown in Newey and Smith (2004) and Anatolyev (2005). We
note that the estimation efficiency among the GEL estimator with
respect to the different regimes of the blocking width selection

pf(u)—T{I(u<T)—|— I(u>1:)}
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Table 1

Empirical medians of the squared estimation errors (x 10?) of the empirical likelihood (EL), the exponential tilting (ET),
the continuous updating (CU) and the optimal GMM for the high dimensional mean model with p = [10n%/1>].

Sample size n = 500 n = 1000 n = 2000
LM Method 0.1 0.3 0.5 0.1 0.3 0.5 0.1 0.3 0.5
(i) EL 0.99 1.25 1.69 0.61 0.73 1.04 0.46 0.56 0.69
ET 0.98 1.24 1.68 0.61 0.72 1.03 0.44 0.55 0.71
cu 0.99 1.26 1.70 0.62 0.73 1.03 0.42 0.54 0.70
GMM 1.20 1.42 1.95 0.81 0.98 1.32 0.57 0.70 0.95
(ii) EL 0.97 1.23 1.67 0.61 0.73 1.00 0.40 0.51 0.69
ET 0.97 1.22 1.68 0.62 0.74 1.00 0.42 0.52 0.69
cu 0.98 1.22 1.67 0.60 0.72 1.01 0.44 0.51 0.68
GMM 1.20 1.41 197 0.82 0.99 1.32 0.58 0.72 0.97
(iii) EL 0.93 1.21 1.63 0.59 0.71 0.99 0.40 0.51 0.69
ET 0.95 1.20 1.63 0.62 0.72 0.99 0.41 0.50 0.69
cu 0.95 1.21 1.64 0.58 0.70 1.00 0.41 0.51 0.67
GMM 1.20 1.40 1.94 0.81 0.98 1.31 0.57 0.71 0.96
(iv) EL 0.98 1.25 1.67 0.61 0.72 1.00 0.39 0.50 0.66
ET 0.98 1.24 1.68 0.62 0.71 1.01 0.40 0.51 0.66
cu 0.97 1.25 1.69 0.61 0.71 1.02 0.41 0.52 0.68
GMM 123 1.45 1.94 0.85 1.03 1.32 0.57 0.72 0.98
(v) EL 0.96 1.21 1.64 0.57 0.71 0.98 0.37 0.50 0.66
ET 0.98 1.20 1.68 0.57 0.69 0.99 0.39 0.51 0.65
cu 0.97 1.22 1.68 0.58 0.70 1.00 0.40 0.51 0.68
GMM 1.21 1.42 1.92 0.85 1.01 1.30 0.57 0.72 0.97

Table 2

Empirical medians of the squared estimation errors (x 10?) of the empirical likelihood (EL), the exponential tilting (ET),
the continuous updating (CU) and the optimal GMM for the high dimensional mean model with p = [ 12n%/1% .

Sample size n = 500 n = 1000 n = 2000
LM Method 0.1 0.3 0.5 0.1 0.3 0.5 0.1 0.3 0.5
(i) EL 0.79 1.02 1.39 0.44 0.57 0.77 0.30 0.35 0.44
ET 0.80 0.99 1.39 0.45 0.58 0.78 0.33 0.36 0.45
cu 0.79 1.01 1.40 0.46 0.57 0.79 0.32 0.34 0.43
GMM 1.15 1.49 2.00 0.79 1.01 1.30 0.55 0.73 0.89
(ii) EL 0.79 0.97 1.36 0.43 0.54 0.75 0.28 0.35 0.45
ET 0.78 0.96 1.38 0.41 0.53 0.74 0.30 0.36 0.44
cu 0.77 0.98 1.39 0.40 0.52 0.75 0.26 0.33 0.42
GMM 1.15 1.48 1.99 0.81 1.01 1.31 0.56 0.71 0.90
(iii) EL 0.76 0.93 1.33 0.41 0.53 0.75 0.28 0.33 0.43
ET 0.77 0.94 1.35 0.40 0.52 0.73 0.24 0.33 0.43
cu 0.74 0.92 1.36 0.38 0.51 0.74 0.25 0.32 0.40
GMM 1.14 1.47 1.99 0.80 1.01 1.29 0.54 0.70 0.89
(iv) EL 0.77 0.98 1.35 0.41 0.52 0.71 0.26 0.32 0.42
ET 0.78 0.98 1.36 0.41 0.53 0.72 0.27 0.33 0.44
Ccu 0.79 0.97 1.37 0.40 051 0.71 0.28 0.36 0.43
GMM 1.15 1.48 1.99 0.80 1.02 1.31 0.56 0.72 0.91
(v) EL 0.75 0.95 134 0.40 0.51 0.69 0.23 0.32 0.40
ET 0.77 0.96 1.35 0.38 0.50 0.71 0.26 0.30 0.42
Ccu 0.76 0.97 1.36 0.39 0.49 0.70 0.26 0.32 0.41
GMM 1.14 1.46 1.98 0.79 1.01 1.27 0.55 0.72 0.90

was largely comparable to each other for the simple mean models.
However, in the case of the generalized linear model, the regimes
(iv) and (v), with the block width M = |3n/*], led to the best per-
formance. We also observed that under the second model setting
where the parameter is sparse, the penalized GEL estimators were
much more efficient than their non-penalized counterparts, which
confirmed our Theorem 6.

9. Conclusion

In this paper, we have investigated the asymptotic proper-
ties of the GEL estimator, the GEL ratio statistic and the over-
identification specification test for high dimensional moment
restriction models with increasing number of parameters and

weakly dependent data. We have also investigated a penalized GEL
approach that is designed for the high dimensional sparse param-
eter situation with p > r, although the true but unknown num-
ber of non-zero parameters is not larger than r. We establish the
oracle property of the penalized GEL estimator. Both theoretical
and simulation studies find the penalization leads to efficiency gain
for the GEL estimators even for dependent data.

We establish the consistency and the asymptotic normality
of the high-dimensional GEL and the penalized GEL estimators
allowing for fixed block size M for time series data. However,
when the unconditional moment functions {g(X;, 6o)}}_; are
autocorrelated, the simple limiting distributions of the GEL
ratio statistic and the over-identification specification test are
established when the block size M diverges with the sample size
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Table 3

Empirical medians of the squared estimation errors (x 10%) of the empirical likelihood (EL), the penalized empirical
likelihood (PEL), the exponential tilting (ET), the penalized exponential tilting (PET), the continuous updating (CU), the
penalized continuous updating (PCU) and the optimal GMM for the high dimensional generalized linear model with

p = [5n%1].

Sample size n =500 n = 1000 n = 2000

LM Method ¢ 0.1 0.3 0.5 0.1 0.3 0.5 0.1 0.3 0.5

(i) EL 3.16 3.59 3.67 3.13 342 3.62 2.85 2.89 3.00
PEL 0.95 1.05 1.10 0.84 0.93 1.05 0.74 0.78 0.89
ET 3.05 3.19 3.38 3.03 3.10 3.20 2.70 2.83 2.92
PET 0.84 0.95 1.00 0.82 0.89 0.95 0.67 0.80 0.83
cu 3.77 4.01 435 3.73 3.94 4.16 3.18 3.30 3.46
PCU 1.14 1.22 1.26 1.05 1.18 1.22 0.95 1.01 1.05
GMM 6.72 7.06 7.12 6.30 6.43 6.60 5.83 5.88 5.92

(ii) EL 3.11 3.32 3.48 3.07 3.10 3.35 2.63 2.86 2.93
PEL 0.95 1.05 1.14 0.83 0.89 1.00 0.77 0.84 0.87
ET 3.05 3.10 3.11 2.85 2.95 3.00 2.37 2.53 2.76
PET 0.89 0.93 0.95 0.77 0.85 0.89 0.74 0.82 0.84
cu 3.26 345 3.77 3.19 3.29 3.62 2.79 3.02 3.24
PCU 1.00 1.10 1.14 0.95 1.00 1.07 0.84 0.95 0.98
GMM 6.80 7.11 7.34 6.33 6.55 6.63 5.83 5.92 5.96

(iii) EL 2.81 2.90 2.97 2.76 2.85 2.92 2.53 2.70 2.85
PEL 0.77 0.84 0.93 0.71 0.77 0.85 0.63 0.70 0.77
ET 2.65 2.70 2.76 2.45 2.65 2.68 2.21 2.41 2.51
PET 0.84 0.89 0.93 0.71 0.82 0.86 0.66 0.71 0.77
CU 3.16 3.42 3.56 3.11 3.32 3.46 2.70 2.83 3.18
PCU 0.95 1.05 1.10 0.84 0.95 1.00 0.77 0.84 0.89
GMM 6.76 7.06 7.23 6.28 6.50 6.60 5.81 5.86 5.90

(iv) EL 2.24 2.35 243 2.19 2.28 2.39 1.97 2.12 2.26
PEL 0.71 0.75 0.84 0.63 0.65 0.71 0.55 0.63 0.68
ET 2.14 2.28 2.33 2.07 2.21 2.26 1.92 2.05 2.12
PET 0.63 0.72 0.79 0.60 0.66 0.77 0.55 0.57 0.66
cu 2.86 2.90 3.11 2.74 2.81 3.03 2.28 2.43 2.74
PCU 0.90 0.95 1.00 0.77 0.84 0.95 0.63 0.73 0.82
GMM 7.16 7.24 7.30 6.30 6.50 6.59 5.85 5.92 6.03

(v) EL 2.19 2.26 2.32 2.07 2.14 2.17 1.61 1.76 1.84
PEL 0.63 0.71 0.77 0.55 0.63 0.70 0.45 0.50 0.57
ET 1.79 1.94 2.07 1.64 1.79 2.00 1.38 1.52 1.70
PET 0.50 0.55 0.65 0.45 0.51 0.63 0.32 0.45 0.52
cu 2.74 2.83 3.08 2.53 2.68 2.90 2.10 2.35 2.83
PCU 0.84 0.87 0.95 0.71 0.80 0.84 0.55 0.68 0.80
GMM 7.04 7.13 7.20 6.29 6.47 6.55 5.84 5.92 5.97

n. How to practically select M is a quite challenging problem. As
indicated in Hall et al. (1995) and Lahiri (2003), although there
has been much research in determining the order of magnitude of
M, there is in general a lack of research for selecting the tuning
parameter, the coefficient of M for general nonlinear time series
models. The simulation study reported in Section 8 shows that
M = |3n'/?] led to satisfactory performance. Instead of blocking,
one could also perform local smoothing of the unconditional
moment functions {g(X;, 69)};_, to reduce temporal dependence
(Smith, 1997; Anatolyev, 2005; Kitamura, 2007), which introduces
an alternative tuning parameter, however. We leave it to future
research about the performance of this local smoothing GEL
approach for high dimensional time series models.
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Appendix A

Throughout the Appendix, C denotes a generic positive finite
constant that may be different in different uses. For any q =
1,...,Qandk =1,...,M,let B1(q, k) = #{j < q : Xg-1)1+k €
Bj} and B,(q, k) = #{j > q : Xq—1).+x € B;j}. These two quantities
denote the times of the kth element of the gth block occurs in
the blocks before and after the gth block, respectively. Let g(0) =

T Y 2(0), 6(0) = QTN Y, 6g(8), Vi = Var{M'2¢,(80)},
20) = Q" Y0, ¢4(8)y () and 2(6) = E{gpg () (6)'}.

Some Lemmas |

The lemmas proposed in this subsection are used to prove
Theorem 1.

Lemmal. 81(q,k) = (@ — 1) A (M — k)/L] and Br(q, k) =
Q- A Lk—T1)/L].

Proof. Fort = (q — 1)L + k, suppose X; € B where g < q. Then
there exists a positive integer k € [1, M]such that (g — 1)L+ k =
(@ — 1L+ k. It means ¢ = q — (k — k)/L. From this, we can get
k = k + iL for somei € {1, ..., q — 1}. Note that k € [1, M], then
i <|(M—k)/L].Hence, B1(q, k) = (g — 1) A [(M — k)/L]. By the
same argument, 8,(q, k) = (Q —q) A [(k—1)/L]. O
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Table 4

Empirical medians of the squared estimation errors (x 10%) of the empirical likelihood (EL), the penalized empirical
likelihood (PEL), the exponential tilting (ET), the penalized exponential tilting (PET), the continuous updating (CU), the
penalized continuous updating (PCU) and the optimal GMM for the high dimensional generalized linear model with

p = 6n%1].

Sample size n n =500 n = 1000 n = 2000

LM Method ¢ 0.1 0.3 0.5 0.1 0.3 0.5 0.1 0.3 0.5

(i) EL 2.63 2.75 2.82 2.48 2.60 2.76 2.31 2.42 2.54
PEL 0.81 0.84 0.87 0.75 0.78 0.81 0.68 0.72 0.77
ET 2.46 2.60 271 2.35 251 2.62 2.19 2.23 2.34
PET 0.74 0.79 0.85 0.69 0.76 0.79 0.64 0.69 0.71
cu 2.83 2.96 3.04 2.75 2.83 2.95 2.62 2.71 2.87
PCU 0.88 0.92 0.95 0.82 0.88 0.93 0.76 0.80 0.86
GMM 5.84 5.93 6.09 5.47 5.53 5.62 473 4.83 4.99

(ii) EL 2.50 2.79 2.85 2.42 2.58 2.66 2.18 2.30 2.39
PEL 0.73 0.83 0.86 0.66 0.78 0.80 0.56 0.66 0.71
ET 2.35 2.44 2.59 2.28 2.37 2.45 2.15 2.23 2.32
PET 0.65 0.73 0.79 0.62 0.67 0.75 0.57 0.61 0.66
cu 2.79 2.82 2.94 2.61 2.74 2.81 2.58 2.67 2.73
PCU 0.82 0.87 0.93 0.78 0.86 0.89 0.70 0.73 0.81
GMM 5.89 5.96 6.13 5.45 5.56 5.64 4.70 481 5.05

(iii) EL 2.37 2.65 2.69 2.09 2.22 2.42 1.96 2.12 2.31
PEL 0.68 0.76 0.80 0.58 0.70 0.73 0.46 0.60 0.67
ET 2.20 2.36 2.44 1.98 2.15 2.27 1.90 1.99 2.08
PET 0.61 0.72 0.76 0.45 0.57 0.63 0.42 0.50 0.57
CU 2.64 2.80 2.84 2.59 2.68 2.76 2.50 2.58 2.63
PCU 0.76 0.84 0.89 0.74 0.79 0.82 0.65 0.73 0.77
GMM 5.86 5.92 6.10 5.42 5.50 5.61 4.68 4.75 5.02

(iv) EL 2.21 2.30 241 1.99 2.16 2.24 1.73 1.80 1.97
PEL 0.58 0.67 0.72 0.51 0.58 0.63 0.40 0.46 0.53
ET 1.92 2.04 2.18 1.82 1.89 1.97 1.46 1.62 1.83
PET 0.54 0.59 0.61 0.46 0.52 0.54 0.34 0.39 0.48
cu 2.58 2.63 2.74 2.31 2.46 2.70 2.23 2.31 2.47
PCU 0.68 0.78 0.82 0.65 0.73 0.78 0.57 0.66 0.71
GMM 6.04 6.10 6.16 5.60 5.64 5.78 4.70 4.79 5.01

(v) EL 2.16 2.25 2.32 1.84 2.02 2.15 1.63 1.76 1.92
PEL 0.56 0.60 0.67 0.47 0.52 0.61 0.37 0.42 0.52
ET 1.90 1.96 2.06 1.71 1.76 1.84 1.34 143 159
PET 0.54 0.58 0.61 0.43 0.46 0.51 0.30 0.32 0.36
cu 2.53 2.58 2.66 2.24 2.44 2.61 2.17 221 2.29
PCU 0.68 0.72 0.77 0.56 0.67 0.75 0.56 0.60 0.67
GMM 5.93 6.08 6.15 5.52 5.59 5.71 4.64 472 4.88

Lemma 2. Under conditions (A.1)(ii) and (A.2)(ii), Supgceo o) —
2O = 0p(r'/AMn1).

Proof. By Jensen’s inequality,
E{sup Ip(6) —£(9) ||2}
0cO

1
SM{”—(Q—l)L—M+ Z ﬂz(q,k)—l—n—MQ}
Q B1(q,k)=0

X E{sup ||gt(0)||2}~
0O

From Lemma 1 and (A.1)(ii), Zﬂl (@h=0B2(a@. k) < (Q—1)M —1L)
for sufficiently large n. Noting that Q = | (n — M) /L] + 1, then for
sufficiently large n

E{SUP (0 —5(0)||z} <2iM7'Q7! 'E{SUD ||gt(0)||2}~

0co 0co

Hence, (A.1)(ii) and (A.2)(ii) lead to the conclusion. 0O

Lemma 3. Under conditions (A.1)(i) and (A.2)(iii), ||§(00) -
2(00)|IF = 0p(rM'2n~1/2),

Proof. Note that

E{|2(60) — 22(8)II}}
= QE(tr{[$(B0)$(B0) — 2(60)1*})
+Q72 ) E(tr{ldy, (Bo)¢g, (B0) — 2(B0)]

Q17q2
X [¢g, (00) g, (00)" — £2(80)1})
= A] + Az.

As Ay < Q*1E{||¢q(00)||‘2‘}, by Jensen’s inequality and (A.2)(iii),
A; =0 (r’Mn™") . At the same time,

Ay =Q7 ) Y Elldg, u(B0)dg, 0(B0) — 2u(80)]

u,v=1q17#q2

X [¢q2,v(00)¢q2.u(00) — 2,.00)]1},

where 2, ,(6y) denotes the (u, v)-element of £2(6y). By Davydov
inequality and (A.2)(iii), |A;| < Cr’Q 23", Lo, @sllqr —aal}' 7.
Hence, by (A.1)(i), A, = O(@*Mn~"). From Markov inequality,
12(80) — 2(80) I = 0,(M 20~ /%), D

Lemma 4. Uqger conditions (A.1)(ii), (A.2)(ii) and (A.2)(iv), then
SUPpeo Amax{$2(0)} = 0,(1) provided that rtMn~" = o(1).
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Proof. Using the same approach as in the proof of Lemma 2,

0)2.(6)'x — — 0)2:(6
;Sguxsltzuil{ Va ;[EZB;X&( )2 (6)'x Zth( )2 (6)'x }
= 0,(rMn™ ).

By Jensen’s inequality, for any ||x||, = 1,

1 Q
Q ;Xfi’q( ) (0)'x < a ;;;th( Vg (0)'x.

Then suPpeo Amax{2(0)} < SUPpeo Amatn ™' 1, &1 (0)g:(0)) +
0p(1). The result can be implied by (A.2)(iv). O

Lemma 5. Under condition (A.2)(ii), define 8, = o(r='/2Q~1/7)
and Ay = {A € R" : ||Allz < &,}, we have SUP1<q<Q.0c0,1e4,

1M ¢g(0)] 2> 0. Alsow.p.a.1, A, C An(6) forall 6 € ©.

Proof. From (A.2)(ii) and Markov inequality, sup;4<q.gco l¥q
)2 = 0,(r'/>Q"/). Then,

sup  (Npg@)] < 8- sup (@)l > 0.

1<9<Q,0€0O,reAn 1<9=<Q.0cO

Italsoimpliesw.p.a.11/¢4(#) € Vforalld € @ and |[A]l; <8, O

Lemma 6. Under conditions (A.1)(i), (A.2)(i) and (A.2)(iii), as-
sume that Amax(Vy) is uniformly bounded away from infinity. If
r’M3n! = o(1), |0 — 6oll, = Op(zn) and rpMt2 = o(1), then
152(6) — 2(80) 1> = 0,(r'/2p"/2M~ 121,

Proof. Choose x € R” with unit L-norm such that Amax{§(0) —
2(00)} = x'{§2(0) — 2(0p)}x. Then,

|Amax{§(o> — 2(00)}]

1
Q2|x¢q<0)—x¢q(oo)| 1pg(8) — g (B0) 12

q=1

2 Q
+3 W00 10u = 3,00
1 Q
< =) " llgg(6) — g(60) 113
Q &

N 1 & 172
+2[xmax{9<oo>}]“z{a > ligg(0) — ¢>q(0o>||§} :
q=1

Note that r*M>n~' = o(1), by Lemma 3 and Amax(Vy) is
umformly bounded away from infinity, max{Q(Oo)} = 0,(M™ DY
From (A.2)(i), Q™ Z —1 1q(0) — ¢q(0o)||2 = 0,(/10 —
0ol13). If TPMT = o(1), then [Amu{2(8) — 9(90)}| =
0,(r'/2p'2M~1/21,). Using the same argument, |Amin{$2(8) —
9(00)}| = 0,(r'/?p"/2M~1/21,). This completes the proof. O

Lemma 7. Under conditions (A.1)(i), (A.1)(ii), (A.2)(i)- (A.2)(iii),
assume that the eigenvalues of Vy are uniformly bounded away
from zero and infinity. If r2M*~*/vn?/v=1 = o(1), PM?n7! =
o(1), 16 — 6ol = _Op(ta), iPMT; = 0(1) and |E@)]; =
0,(r'/?n *”2) then A(0) = arg max, .3 (0)5 @, A) exists w.p.a.1,
Sup,c7,@ Sn(0. 1) = p(0) + 0,(tMn") and [[A(B) > = 0,(r'/?
Mn~1/2) where S, (6, 1) is defined in (7).

$u(0n, 1) <

Proof. Pick 8§, = o(r”/zQ”/V) and r'2Mn='? = 0(8,), which
is guaranteed by r*M?~2/Y n¥/¥=1 = o(1). From Lemma 2 and Tri-
angle inequality, then 6@ 1> < 120, + Op(rl/ZMn‘l) which
implies |¢(®)|l, = 0,(r'/2n=172), Let & = argmax;c,, Sy @, ),
where A, is defined in Lemma 5. By Lemmas 3, 5 and 6, noting
Pw(0) <0,

p(0) =5,(8,0) <S,(8. %)

= p(0) + p,(0)A'p(0)

1,1 R I
513 > 0o (K 6g(0))q (0) 4 (8 {4
q=1
< p(© + 10,01 - ]2 - 16 @)z
—ClIAII3 - M~ + 0,(M ™1}
where 1 lies on the jointing line between 0 and A. Hence, [|A[l; <
C-M- (@l - {1+o0,(1)} =0 b (r'2Mn~ ') = 0y(8y). Thus
X € int(A, )wpa] Since A, C_ A (0)wpa1 A(O) = 1 w.pa.l
by the concavity of sn(e A) and A (0) Then,
5.8, 28)) < p(0) + 10, - [2@)]2 - 16O)l2
—C-M71 O3 - {14 0,(1))

leads to sup, .5 G Sn(8, 1) = p(0) + 0,(rMn™"). O
Proof of Theorem 1
Choose 8, = o(r~"2Q-"7) and r'2Mn=12 = 0(§,). Let > =

sign{py(0)}- 8,4 (0,)/1l¢(0,) |2, then X € A,. By Taylor expansion,
Lemmas 4 and 5, noting p,,(0) < 0,

$0@n, 1) = p(0) + py (0)X'B(0)

1 g Lo~ -~ o~ -
+ E)N,{ a Z pvv()\,d)q(on))ﬁbq(en)ﬁbq(en),})‘
q=1

> p(0) + | py(0)] - 85 - |¢(B)ll2 — C - 0p(1) - [|A]15
Meanwhile, by the same way in the proof of Lemma 3, ||g(6y) —
E{g:(B0)}ll2 = 0,(r'?n~"/2). Since E{g:(60)} = 0, [Z(00)l2 =
0,(r'/?n=1/2), Then, from Lemma 7,

sup Sy(Bn.2) < sup Sp(6o. 1)

r€An®n) %€2n(80)
= p(0) + 0,(rMn™ ).

Hence, ||<Z>(§n)||2 = 0p(8,). Consider any &, — 0 and let A=
sign{0,(0)} - enp(#,), then |||, = 0p(8,). Using the same way
above, we can obtain
10 - &n - BB 13 — C - 0,(1) - £2 - (@) 13 = Op(rMn ).
Then, exl|¢@)I3 = 0p(Mn~"). Thus, [ (B,)[13 = Op(rMn™").
From Lemma 2, [|g(0,)]2 = Op(r'/>M'2n=12). If (6, — 6>
does not converge to zero in probability, then there exists a
subsequence {(n., My, ., ps)} such that [|6,, — 6ol > ¢
a.s. for some positive constant e. By (A.1)(iv), [|[E{g:(@p )} =
0p{A1(rs, Ps)} —|— 0 (rl/2 12, 1/2) On the other hand, from
(Al)(lll) ||E{gt(0n*)}||z = Al(r*,P*)Az(&‘)- As hmlnfr,p—)oo 1
(r,p) > 0, it is a contradiction. Hence, [|6; — 6|l Lo
By (A2)(iv), Ig(0n) — &(0o)ll2 > Cl|6, — 6oll w.p.a.1. Then,
10, — 6ol = O,(r'/2M"2n=1/2). In addition, if r pM2 1=
o(1), from Lemmas 3 and 6, Amax{ﬁ(ﬂ )} < M~ wpal
By repeating the above arguments, we can obtain ||¢(0 )Mo =
0, (rl/2 =1/2) and |0, — 6o, = 0,(r'/2n=1/2), From Lemma 7,

IA@D> = 0,(r'/2Mn~1/2). Therefore, we complete the proof of
Theorem 1. O
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Proof of Corollary 1

To construct Corollary 1, we need the analogue of Lemma 7
listed below.

Lemma 8. Under conditions (A.1)(i), (A.1)(ii), (A.2)(i)-(A.2)(iii),

assume that Amin (V) < r=*1 for some t; > 0.

(a) If r2+3t1M272/yn2/y71 — 0(1)’ r2+211M3 -1 _ 0(1) ”5 _
00”2 - Op(Tn): r1+2/flernz - 0(]) and ||g(0)||2 = Op
(rA+02p=12) then 1(0) = argmaxxeAnw)S (0, ) exists
w.p.a.1, SUPAEZ,,@)/S\n(O, L) = p0) + 0,(r'™1Mn~") and
IA(0)|l2 = 0,(r*+3D/2Mn=1/2) where, (8, 1) is defined in (7).

b) If r*2aM2=2/Yn2/v=1 = o(1) and r***1M>n~" = o(1), then
&(00) = argmax; <3,y Sn(60, A) exists w.p.a.1, SUP;.Z,(60)
S0, 1) = p(0) + Op(r”‘an”).

Proof. We first prove (a). Pick 8, = o(r~/2Q~"7) and r(1+3:1)/2

Mn~'2 = 0(8,), which is guaranteed by r2*31M?~2/¥ n2/v=1 =

o(1). From Lemma 2 and Triangle inequality, then ||¢(0)||2 <

12012 + 0,(r'/?Mn™") which implies 6@, = 0,12

n~12). Let A = argmaxkeAnS (0, 1), where A, is defined in

Lemma 5. By Lemmas 3, 5 and 6, noting p,,(0) < 0,
p(0) =5,(8,0) <5,(6, 1)
= p(0) + p,(0)A'¢(8)
15,1 P I
+54g q; P (X bq(0)) g (8)4 (8)' 1.
< p(0) + 10,0 - [llz - @)l — ClII13
x M~'r™1 4 0,(M 1)}
where A lies on the jointing line between 0 and . Therefore,
Ikllz < C- M- [¢@lz - {1+ 0p(D)} = O, (r“““”zMn‘l/z) =
op(8 ). Thus A € int(A,) w.p.a.l. Smce Ay C A (0) w.p.a.1,
A(0) = X w.p.a.1 by the concavity ofS (0 A) and A (0) Then,

5:(0.%(8) < p(0) + [p,(0)] - ||)~(~0)||2 116 @1
—C-M7Ir T @13 - {1+ 0p(1))

leads to sup, .z, G $.(0,0) = p(0) + 0,(r'*21Mn~"). The proof of
(b) is similar to that of (a). O

Here, we begin to prove Corollary 1. Choose 8, = o(r~/2Q ~1/7)
and r 02 Mn=2 = o(8,). Let A = sign{p,(0)} - 8¢
0,)/11¢(6,)]12, then A € A,. By Taylor expansion, Lemmas 4 and
5, noting p,,(0) < O,

Su(@n, ) = p(0) + P, (0)X'B(8)
1.1 .~ ~ ).
+ ZA/{Q Z Pov ()\lqbq(0n))¢q(0n)¢)q(0n)/})L
q=1

> p(0) + [0,(0)] - 8 - 1B [l2 — C - 0, (1) - [IA]12.

Meanwhile, by the same way in the proof of Lemma 3, ||g(6y) —
E{g:(00)}2 = 0,(r'/>n~/?). Since E{g:(6o)} = 0, I2(00)[> =
0,(r'/?n=1/2). Then, from Lemma 8(b),

S 3) < sup  Sp(6o, 1)

r€An(Bg)

sup Sa(O0 1) <
)LGAn(on)

= p(0) + 0,(r""'Mn ).

Hence, ||<$(§n)||2 = 0p(8,). Consider any &, — 0 and let ho=
sign{p,(0)} - 8,1(2)(0”), then [|All; = 0,(8,). Using the same way

above, we can obtain

100(0)] - £ - |B(B)I3 — C - 0p(1) - &2 - (B 13
=0,(r'"™"Mn ).
Then, @@ = 0,(r'*1Mn~"). Thus, [$@)3 = O,

(r’*1Mn~"). From Lemma 2, [|g(0,)]l2 = O, (r+/2M1/2n=1/2),

If |6, — 6oll2 does not converge to zero in probability, then

there exists a subsequence {(n., M, ry, p,)} such that ||0,, —

0ol > & as. for some positive constant &. By (A.1)(iv),
o (4)/2pp1/2, =172

IE{g: (Bn,)} 2 = 0pf{A1(rs, po)} + Op(r M, ). On the

other hand, from (A.1)(iii), ||E{gt(0n*)}||2 > Aq1(ry, ps) Az(€). As

liminf, , .o A;(r,p) > 0, it is a contradiction. Hence, |6, —

foll > O. By (A.2)(iv), Ig(6n) — &(Bo)ll> = Cll6r — 6oll>
w.p.a.1. Then, ||, — 8o, = 0, (r1T/2M 12 =172) I addition,
if r”‘lpM2 =1 = 0(1), from Lemmas 3 and 6, Amax{2(8,)} <
M~ Twpa.l. By repeating the above arguments, we can obtain
1@z = 0p(r+1/2n=12) and [[8, 8ol = 0, (r1+1)/2n~1/2),
From Lemma 8, [|A(0,)|l, = 0, (r“”‘l)/zMn*]/z) Therefore, we
complete the proof of Corollary 1 0O

Some Lemmas Il

The lemmas proposed in this subsection are used to establish
Propositions 1, 2 and Theorem 2. The proof of Proposition 1 is based
on the asymptotic expansion given in Proposition 2, so we will first
construct the proof of Proposition 2 later.

Lemma 9. Under conditions (A.1)-(A.2), assume that Amax (Vi) is
uniformly bounded away from infinity. If r2M?~2/Yn?/Y=1 = 0(1),
r’pM?n~! = o(1) and r*M3n~! = o(1), then for any x € RP,
v,z €eR',

H 2 vamo ) bq(81)) Vb (Br)x — q ZPU(O)W%(G |

q=1 q=1
=0 (rp”zm‘/2 2y Ixll2,

‘ 2 Zy P (X bg(01)) g (8) (61)'z

M —~ —~
-2 Z v (0) bq(8r) ¢ (6:)'z
q=1

= 0p,(rM 702y iy, - izl
where ’):(/07,1) and 7. are defined in (15).

Proof. From Theorem 1, both A(8,) and A are 0,(r'?Mn~1/2) =
0,(8,) where &, is defined in Lemma 5. By Taylor expansion and
Cauchy-Schwarz inequality,

2

H 2 Z P (1) $q(Bn)) Vory (Br)x — q Z Pu(0) Vo (B &

q=1 q=1

1&
< [Q Zpiv(wq<0n)>{A<0n>’¢q(0n)}2]
q=1
1 Q —~ o~
X |:Q Zx/{vo(,bq(on)}/{V0¢q(0n)}x:|
q=1

where 1 lies on the Jomtmg line between 0 and A(0 ). From
Lemma 5 and ,\max{sz(o )} = 0,(M™ 1y which is provided by
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Lemmas 3 and 6, we obtain

Q —~ —~ e~ o~
> 02, g (0)) [3.(8) by B) )

q=1

=]

Z 7(0,) 99O}

A1+ 0,(1)} = 0,(rtMn ™).
On the other hand,

5 Zx' Vo @)} { Vg ) }x

1 < -
Mi Z Z ”Vogt(on) XHE = 0,(rp) - |Ix]5.

q=1 teBy
Using the same argument, we can obtain the other result. O
Lemma 10. Under conditions (A.1)(i), (A.1)(ii) and (A.3), then
IVep(®) — Vod @) = 0,r'/*p - |0 — 6%|)3) for any 6,

0* in a neighborhood of 6o, and ||V9¢(00) — E{Veg: (0} =
0,(r'/2p'/2n=1/2) provided that M = o(n'/?).

Proof. Using Taylor expansion and noting (A.3), the first conclu-
sion holds. Using the same method in the proof of Lemma 3,
IVeg(60) — E{Veg:(00)}F = Op(r'/>p'/?n~1/2). By the same
way in the proof of Lemma 2, [|Vpgp(8o) — Veg(@o)llr = O,
(r'2p2Mn~1). Hence, by Triangle inequality, we can obtain
Ve (80) — E{Vegi(Bo)}IF = Op(r'/>p"/>n~"2). O

Proof of Proposition 2

Define
B = (E{Vg:(00)}1'Vy; ViV, ' [E{Vig: (80)}])
then
IE{Veg:(60)} - BII3 = o, (U'U)~ UV, VRV, PUU'U) ey
< Amax(Vy VRV lUUU) T a3
= Jmax (V) i (V)

where U = V,'“V,; " [E{Vg: (60)}]. Therefore, || E{ Vg (80)}Bll> =
0(1). Meanwhile,

IBI3 < A (IE{Vog: (00)}1'Vy, ' ViV '[E{ Vi (80) 1)
A x (VD At (TE{Viogc (00) 1 TE{ Vg (60) YD A (V).
Hence, || 8|l < C.From Lemma 5,

—1/2
/Oln,

1/2

A

IA

M & .~ o~ N
a Z Poy ()‘-/¢q(0n))¢q(0n)¢q(0n)/ = pu(0)M$2(0,){1 + Op(l)}~
q=1

Noting Lemmas 3 and 6, we know the eigenvalues of M§(0n)
are uniformly bounded away from zero~andAinﬁnitX w.p.a.l
Hence, the eigenvalues of MQ ~! ZQQ:] Pov (X @q(0n))Pg(0,)q(0)
are uniformly bounded away from zero and infinity w.p.a.1. By
Lemma 9 and (15),

Q - . . -1
Zpw(x’qu(on))c/)q(on)cpq(on)’} ¢(Or)

q=1
=0, (ra/z 172p11/2 -1,
From Lemmas 10 and 9,

B E{Vog: (0)}]' (M2 8)) ' $(B)
= 0,(r*2p" 2 M 20~ 1) .0, (¥ 2M 'Y /Y1) 1.0, (¥ 2pnY).

-~ M
.B/{V0¢(0n)}/{Q

Note that Lemmas 3 and 6,
BIE{Vog: (80)}]'Vy;' 6 (1)
_ Op(r3/2p1/2M1/2n’1) + Op(rs/leq/yn]/yq)
+0,(r**M*2n7Yy + 0,3 *pn ).
Expanding &(@n) around # = 6y, by Lemmas 10 and 2,
ﬂ/[E{Vogr((’o)}]/V,\T[E{Vogr((’o)}]@ )
= —B'[E{Vg: (00)}]'Vy;'(80) + 0, (r*/*p'*M"*n 1)
+0,(r*2M v =1y 4 0,3 pn) + 0,(r¥2M* 20T,

Hence, we obtain Proposition 2. O
Proof of Proposition 1

From Proposition 2, if we pick oz, = (@,, — 00)/||5n — 0|2, we

can obtain that
VA {E{Veg: (00)}] Vi, ViV ' [E{Vog: (B0)}1}
x Amnint [E{Voge (00)}1'Vy '[E{Vag: (00)}1) - 1165 — Bl
= Op{[Iv/net,, ([E{Vig: (00)}1'Vyy 'V Vyy ' [E{Vog: (60)}]) 1/
x [E{Vg:(00)}1'Vy;'8(00)1I2} + 0,(r**p'*M"/>n~112)
+Op(r3/2pn—l/2)+Op(r3/2M1 l/ynl/y 1/2)
+0,(*PM* P12,
Note that
Al {LE{ Vg (00)}1'Vy, VoV ' [E{Vog: (00)}1}
X Amin{[E{Vog: (00)}]'Vy, ' [E{ Vgt (60)}1} > C

which is assumed in (A.2)(iv) and the eigenvalues of V), and V,, are
uniformly bounded away from zero and infinity. Therefore, by

E{[|v/net;, (LE{ Vgt (B0)}]'Vyy 'V Vi, ' [E{ Vg (00)}]) "2
X [E{Veg: (00)}1'Vy;'2(00) 13} = p.
we complete the proof of Proposition 1. O

Proof of Theorem 2

From Proposition 2, we only need to show
= —/net, ((E{Vog: (00)}]' Vi ' VaVy; '[E{Vog: (80)}]) /2

x [E{Vag: (80)}1'Vyy '(85) = N(0, 1).

Let

Xne = — 0t ([E{Vog: (60} Vyy ViV, ' [E{Vioge (60)}) "2
x [E{Vog:(00)}]'Vy 'g: (o) =: B (8o),

then S, = n="2 Y"1, X, . As restriction (17) holds, sup,, sup; <,
E(]xn¢]”) < 00.0n the other hand, Var(S,) = 1. Note that (A.1)(i),
then by the central limit theorem proposed in Francq and Zak01an

(2005), we have S, <> N(0,1). 0
Some Lemmas III

To prove Theorem 3, we employ the blocking technique by
splitting the observations to big blocks of length h and small blocks
of length b. Suppose that B; =
(Bi1, Bip), where By = (X(i—1)h+b)+15 - - - »
(X(i—l)(ll+b)+(h+1)7 N aXi(h+b)) and b < h. Thenn = T(h +

) + m, where m < h + b. Later, we will discuss the
selection of b and h. By a similar argument to those in finding
the order of ||g(6p)||> and the proof of Lemma 2, we can obtain

Xi-nteby+1s - - Xinen) =

Xi—»m+by+h) Bo =
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1200) — (TH)™' YL, Y5, &O0)l2 = Op(r'/2T'2p"2n7 1),
Furthermore, define V, = Var{h~1/2 Z?:] 2(00)}), Zr; = h™1/2
v, 12 Zteén g:(0) and Gr, = Zle Zr i, then E,(VZT"') = 0 and
E(ZriZ; ;) = I 1t can be shown that [x'(V, — V,)y| < Crh™!
S i kax ()27 - x|z ]lyll. Define %o = {2, 2}, %) = o
Zras. . Zrd k=1,...,T,and Srp = T712r) V(XX Z )
(Z, 1Zri) — kr}. Er (-) denote the conditional expectation given

% 1. LetDr g = Sp—Srk—1 = T Q2r)"V2(2Z; \ Gr 1 +11Zr ill3 —
r). The following lemmas are used to establlsh Theorem 3.

Lemma 11. Under conditions (A.1)(i) and (A.2)(iii), assume that the
eigenvalues of V, are uniformly bounded away from zero and infinity.
Then

E{(|Zr kI3 — 1)?} < CrPK?,

h 1/2
E{|Erk1(Z1 4 Gr i) < Crk”z{Zax(b + 1)””} :

=1

E{E7 o (1 Zr il — 1)} < CrPHPax(b+ 1) 727,
and for any i # j,
[E{IZrill5 = )11 Zr 113 — 0}

< CrhPax{(b + h)|i —j| — h + 1)1/,
provided that th™" Y"1_ kay (k)'=%7 = o(1).
Proof. As th™' Y1 kax (k)27 = 0(1), Amax (V) < C. Then,
E(IZrkll3) < Ch2E{|| Zf:] 8:(60) |5} By Triangle and Jensen’s

inequalities, E{|| Z?:lgtwo)n‘z‘} < Cr’h*. Hence, E{(|IZr |13 —
r)?} < Cr?h?. By Cauchy-Schwarz inequality,

E{|Er k=1(Zf 1 Gra—D1} < {EIGrse=1113)} P [E{ Er o1 (Zra) 13172

Using the same method in the proof of Lemma 3, E(||Gr k-1 ||§) <
Crk. On the other hand, note that ||ET,k,1(ZT,k)||§ < Cztegk1

lIEr k—1{g: (B0)}II3. Hence,
E{lIEr k—1(Zr 1) |15}

<C Z ZE[E'IZ',k—l{gt,j(ao)}]

teB =1

=c). Z E(lgey00)" )] axlt + b — (k= 1)(h + b)) >/
tEBklj

= CrZax(b+ n'=2r, (27)

=1
This is based on the fact thatif E(X) = 0, then (E[{E(X|F)}*])/? =
sup{E(XY) : Y € F,E(Y?) = 1} for any o-field ¥ (details
can be found in Durrett (2010)), and Davydov inequality. Then,
E{|Er k1(Z; 1 Gr 1)1} < CrkV2{3L, ax (b+D'=2/7}1/2 Using the
same argument above, we can obtain E(||ZT,k||§V) < Cr”h”.Then,
by the same argument of (27),
E(Ef o (1Zrll3 = 1)) < CrPRPax (b + 1) 727 (28)
For any i # j, by Davydov inequality,
E{(1Zr.ill; = 1) (1214l — 1)}

< CE(I1Zrll5 — rI")*7 ax{(b + h)|i — j| — h+ 1}172/7.
Hence, we complete the proof of this lemma. O

Lemma 12. Under conditions (A.1)(i)and (A.2)(iii), assume that the
eigenvalues of V, are uniformly bounded away from zero and infinity.

Then

E{||Erxc1ZraZt ) — NI} < CrPhPax (b + 1)'727,
E[{Gy _1Er i1 (Zr0 Y] < CrPn?KPax (b + 1)/27 17
provided that th™" Y"1_ kay (k)'=%7 = o(1).
Proof. Note that

E{llErs—1ZraZz ;) — IrlIF)

=< CE( ET,I<1{|:h_1/2 Z g[(oo)jH: -2 Z gr(oo):| }

teém teB
<c>y E( Er g { [h—“z > gt_uwo)] [fr”z > gf,uww]}

u,v=1 teékl teékl
2)

< Cr?h?ay (b + N7,

)

—Vo(u, v)

where Vn(u, v) denotes the (u, v)-element of Vn. The last step is
similar to (28). Then we obtain the first conclusion. As

IEr k—1Zr0ll3 < {Erk—1Zr.10Y {Erk—1 @r 1 Zs O HEr k—1(Zr 1)}
1 O3 IEr k=1 Zr a2t ) — Il
+ IEr k=1 (Zr ) 1135
then by Cauchy-Schwarz inequality,
E{lEr i1 Zr ) 115}
< [E{l|Er i1 @ra0 I P LE(| Er o1 ZraZy 1) — 1 1ENY2
+E{||Er k-1Zra0) 13}

Let U = [E{||Erk—1(Zr ) [13}]"/?, from (27) and the first result in
this lemma,

U? < CUrhax (b + DV VY 4 Crhax (b 4+ 1)'2/7 .

Then, U < Crhax(b + 1)/27¥. Hence, E{||Er y—1(Zrx) I3}
Cr2h%ax (b + 1)'=2/7. Also,

EU{G} _1Erk—1(Zra0)’]
< {EIGT k=1 110} 2 E{NIEr -1 Zr0 1312
< CrPh*iPax (b + 1)V2717,

We complete the proof. O

< ”ET,k

Lemma 13. Under conditions (A.1)(i) and (A.2)(iii), assume that
the eigenvalues of V, are uniformly bounded away from zero and

infinity. Then r—1T 2 Z;T:z(T —j)G/TJ_lzm = 0p(1) provided that
rh=1 SR, kax (k)27 = o(1) and n2h%ax (b + 1)'~%/7 = o(1).
Proof. Note that

([ - Z(T MNGy_1Z

= rm Z(T — )E[{Gr ;12

By the first result of Lemma 12,

E{(G;_1Zr )’}
=E(|IGrj-1l13) + E[Gr; y{Erj-1(Zr jZr ) — 1;}Gr 1]
< 1 + {E(IGr j—1 1)} PIE(IIEr j—1 (Zr jZ1 ) — L7
< Crj + Cr?h?ay (b + 1)V2717 .

2
ET] I(GTJ 1ZTJ)}] )

ET] I(GT] 1ZT])}]
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Using Cauchy-Schwarz inequality and the fact E{|ETJ,1(G’T’]-_1
ZT])| } < E{(GTJ ]ZT,j)Z}v

1 < ,
E[r2T4 XZ:(T — (G joaZr
]:
< ' 4 Cnhayx (b + DV VY 0.

Then, r= T2 Y"1 (T — ){Gy;_1Zr; — Erj1(Gpj_1Zr )} = 0p(1).
From Lemma 11, we have r—1T—2 jT:2 (T —DErj-1(Grj 1Zrj) =
0,(1). Hence, we complete the proof. O

— Erj_1 (G;,]-_1zr,j>}2]

Lemma 14. Under conditions (A.1)(i) and (A.2)(iii), assume that the
eigenvalues of V, are uniformly bounded away from zero and infinity.

If th™" Y0 kax (K)'=2/7 = o(1), IT 31, ax (b + D=7 = o(1)
and rh2ay (b 4 1)'=%/7 = o(1), then 3__, Er4—1(Dr.x) = 0,(1).

Proof. Note that

Z Erk—1(Drp) =

ar )1/2T ZET k-1(Z7 4 Gr.k—1)

1
+ — Ero 1(I1Z+ o112 — 1
(2',)1/27- ; T,k l(” T,k||2 )
=L+
From Lemma 11,

2
(2r)1/2T

A

E(h)) < ZE |Er k127 Gr a1}

IA

1/2
crl2ri/? {Zax(b + 1)12/;/} -0
I=1

and

T

————— N [E{E} , (IZr i3 — ]2

< ' Phax (b + V>V 0.

E(IL]) =

Then, we complete the proof of this lemma. O

Lemma 15. Under conditions (A.1)(i) and (A.2)(iii), assume that the
eigenvalues of V, are uniformly bounded away from zero and infinity.
If th™! ZLI kax ()17 = o(1), r’n*h?ax(b + 1)'7%/Y = o(1)

and rh®n~! = o(1), then St 1 4 N(0, 1).

Proof. We will use the martingale central limit theorem to show
Sr.r > N(0, 1). Note that

T T T
Srr= ZDT,k = Z{DT,k — Erk—1(Dr)} + ZET,k—l(DT,k)-
=1 =1

k=1

The first part on the right-hand side of above equation are the sum
of a sequence of martingale difference with respect to {gT,k}Z:o
From Lemma 14, Sy 1 = ZL]{DM — Er k=1(Dr.p)} + 0p(1).

By the martingale central limit theorem (Billingsley, 1995), in
order to show the conclusion, it is sufficient to show that, letting

Urz,k = Erj—1[{Dr x — Erk—1(Dr )}l as T — oo,

T T
b
Vrr=) of, =1 and Y E{Dry—Er1(Dr)}* — 0.
k=1 k=1

For the first part,

Vrr =

2 ,
? Z(G;',](,l[ET,k—l(ZT,kZT,k)
k=1
— {Er k-1 @r ) HEr k-1 (Z7 ) NGr 1)

2 T
—5 2 CrialEra-ilZradiZead = )
k=1

—Erj1Zr i) - Er g1 (1Zr 15 — 1)1
1 ¢ 2 2 2 2
+5 ;[ET,k_lunzT,kuz =% = B 1 (1Zr il — 1)
= Lh+L+15.
We will show that I; LY 1,5 2 0and I3 Lo

Note that 0 < Is < 2r) " 'T~2 Y _, Er 1 {(1Zrx|> — )?} and
E{(I|Zr k|2 — 1)} < Cr2h?, then 5 & 0. Using Cauchy-Schwarz,
Triangle and Jensen’s inequalities,
|Er k- 1{Gr 4 1 Ze(1Zr ill5 = 1)}

< {Er1-1(Gy 1 Zr k27 1 Gr k=) P [Er k1 {1 Z7 1113 — 1)*3]'/2
< {IGra—1l3 + 1Gra=1l3 - |Era1ZraZy ) — I lle} '/
* [Er -l (IZr il — 1?12
< ClIGr i1 lalEra-1{IZrill; — 1))
x {1+ IEr k-1 @raZt ) = L)
Then, by Cauchy-Schwarz inequality and Lemmas 11 and 12,

E[Er j—1{Gr 4 1Zk (1 Zr 4115 — T}

< CLE(IGr a1 IDYEL(NZr k13 — 1?12
+ CLE(IGr k-1 DY LE((1Zr kI3 — r)* 174
x [E{|Erk—1Zr1Zy ) — L IF3Y*

< 3Rk Cr2 321 oy (b + 1) VAV @0),

Hence, r='T~2 Y, EIIG] _ Erx1{Zrx(IZr il — D} — .
By the same argument, we can obtain r~'T~2Y",_, E{|Er 1
(Gy1Zr.x) - Erjm1 (IZr 12 — )|} — 0.Thus, I <> 0. Note that

2 T
Lh=— Gri-1ll5
1 rTZ;” Tk-1ll3

5 T
+ = kX: Gr k1 {Eri—1Zr iZy 1) — Er -1 (Zr i)
—1
X Er k-1(Z1 1) = I )Gr p1.
By Triangle inequality,

5 T
) Z Gr i1 {Erk-1Zr a2t 1) — Er—1(Zr i)
k=1
X Erj—1(Z1 ) — I1}Gr k-1
T
Z G k-1 I31Er ko1 ZraZy 1) — I lip
k=1

TZ Z{GTk Erc1 @l
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By Cauchy-Schwarz inequality and Lemma 12,
E{lIGr k115 I1Er k1 (Zr xZ1 1) — IrlIF}
< {EUIGr -1 1)} P LEUNEr k-1 Zr 427 1)
< rPR*KPax(b + 1)/*717.
Then,

- Ir”%}]l/z

2 . 2 ’
E{ T2 k2=; NGr k=1 lIZ11Er k=1 (Zr 127 1) — ErlIF

< Crnhax (b + DV*17 — 0.
On the other hand, by Lemma 12,

2 T
E[rTz Z{G,T,quT.kfl(Zr,k)}z} < Crihax (b + 1)V/>717 — 0.
k=1

Then, I; = 2r 'T~2 3" {_, IGr 41112 + 0,(1).
From Lemma 13,

- i
” GT k—1 ”%
2 )
T =

2 & ‘
= —5 2 (T = DlZril3 +
r i=1

T2 Z(T TJ 1Z

2 < ‘
= 5 2T = DIZril3 +0,(1).
i=1

In order to prove I L 1, we only need to show 2r T2 ZLI (T—
(I Zrill2 — 1) 2 0. Note that

2 < ]
E{ﬁ—z ;a — D (1Zr il — r)} =

it is sufficient to show

r [Z(T = )’E((1Zrl; — 1))

+ Z(T — (T = PELIZrill; = D) UIZrjl5 — r)}] — 0,
i

which can be derived from Lemma 11. Hence, I LAY
For the second part, we only need to prove ZL] E(D‘T‘_k) — 0.
Note that '
T k= =< CrizT 4{(GT k— 1ZT k)4 + (”ZT,k”% - T)4}

and

k— r

(GT k— ZT k) - Z Z Zr Ji1 JlZT iy JzZT i3 J3ZT ig,ja

X Z1 k1 2T,k j2 2T ko j3 2T kg »
where Zr ; j denotes the jth component of Zr ;. By the same way of
the Lemma 15 in Francq and Zakoian (2007), r—2h2E{(G} ,_;Zr1)*}

< Ck?.Then, }";_, E(D} ) < Ch®T~'+Cr?h*T~> — 0. Hence, we
complete the proof. O

Lemma 16. Under conditions (A.1)(i) and (A.2)(iii), assume that the
eigenvalues of V,, are uniformly bounded away from zero and infinity.
Then (2r)~'2{ng(6,)'V, 'g(6o) — 1} L N, 1) provided that
P32 S0 kax (k)77 = o(1), tbh™! = o(1), r2n®hPax (b +
1172/7 = 0(1) and ri®n~"! = o(1).

~ 1 ., )
A(0o) = — : Q Z Pov (A g (00))dq(00)q(Bo) }
qg=1

Proof. Note that

2r)""*{ng(80)'V, 'g(8o) — 1}

h
n _ _ —
= oS+ op{r3/2h ! k; kery (k) Z/V} + 0, (r'2b' 2712,

Then, by Lemma 15, we have (2r)~2{ng(0o)'V, 'g(8o) — r} —
N(@©,1). O

Proof of Theorem 3

Leti(oo) = arg max; ¢, ) Z(?:] P (X ¢q(6p)). From Lemma 2,
IpBo) — gB0)2 = 0p(r'/>Mn™"). Hence, lpBo)ll. = O,
(r'2n=1/2). Then, by Lemma 7, |[A(6p) || = O,(r'/?Mn~1/2). Mean-
while, sup;,<q |3:(00)’¢q(00)| = 0p(1). Expanding max; 3, g,

qul P (X ¢q(6p)) around 1 = 0,

max Z (' ¢g(60))

}LeAn(Go)

= Z[pw) + pu(0)2(80) b (89)

q=1
1 > > ’
+ 2 o0 (/64 (80)) {2 (60) ¢q(0o)}2]
where XAlies on the line joining 5:(00) and 0. On the other hand,

from V,S,,(6g, L(6y)) = 0, we have

-1

1 Q
X {6 va(0)¢q(00)}

qg=1
for some A lies on the line joining ’A\(Oo) and 0. Hence,

max Zp(xqbq(oo))—qmm Q3 (0)p(80) <27 $(85)

keAn(Go)
1 - . e -
+ 5Qpi (0)$(80)' 27227 $(8o)

where 2 = Q'YL oy (hepg(B0))¢g(B0)g(80) and 2 =
Q- ZQ_l oo (Gitpg(80)) g (80) g (8)'. Then, the generalized em-
pirical 11ke11hood ratio can be written as
wa(Bo) = 2Quy ()P (B0)' 2" p(B0)

— QPu(0)p(Bo)' 27152627 ¢(80)

= Q¢ (60)' 27" (o) (8o) + Q¢(00),_{2;0vv(0)971

—27'(00) — pu(0)27'2271}$(60).
By the same argument of Lemma 9,
182 = puu(0)2(Bo) 12 = 0, (rM~"/7n'/7=1/2)

= [1£2 = puu(0)2(Bo) -

From Lemma 3 and [M£2(6o) — Vall2 = O(rM~"), we know the

eigenvalues of M £2 () are uniformly bounded away from zero and
infinity. Hence,

wa(00) = Q(80)' 27" (B)p(8o) + O, (r*M' =7 n!/r=1/2),
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By Lemmas 2 and 3, we have
@2r) " {wn(Bo) — 1}
= (2r)7*{ng(80)'V, '8(80) — 1} + Op(r*/*M* X /7T
+ Op(r3/2M1—l/ynl/y—l/2) + Op(r3/2M3/2n‘1/2)

M
+ op{r3/2M—1 Z koey (k)1 =217 } (29)

k=1

The key step is to show (2r)~"/2{ng(8,)'V,, 'g (o) — '} N N(O0, 1).
In the independent case, the requirements in Lemma 16 can be
simplified as rbh™' = o(1) and rh®n~" = o(1). We can pickb = 0
and h = 1, thenr = o(n). In this case, we can regard n = oo. In
the dependent case with n < oo, suppose b < n“! and h < n*2,
where 0 < k1 < k3 < 1. Note that (A.1)'(i), the requirements in
Lemma 16 turn to

r = o(n*2/3),

and r =o(n

r=o(n?7" ),
173K2)
;

r = O(n(ﬂkl *2*2'(2)/2)

where nk; — 2 — 2k; > 0and 1 — 3k, > 0. In the following, we
will consider the selection of (k1, k3) to satisfy these inequalities.
From 2k, +2 — nkqy < 0,3k — 1 < 0and x; < k3, we can
get @ < K1 < ky < % In order to guarantee there exists the

solution for above inequalities in (0, 1)?, it is necessary to require
n>8.1If8 <n < oo,

2K K1 — 2 — 2K
&= sup min —z,xz—m,u,l—&cz
2 .1 3 2
=2 <k2<3
M<K1<K2
22 (n—2)3 —2
= sup miny—,————,1— 3k,
2 .1 3 n+2
n—2 ~K2=3
_ =8, + o
47] + 4 (8<n<32) (32<n<o0) -
In the dependent case with n = oo where X; is exponentially

strong mixing. The requirements in Lemma 16 turn to r¥2h~! =
o(1), rbh~! = o(1) and ri®>n~' = 0(1). Then,

r = o(n*2/3), r=oMm27) and r=o(n'"32).

In this setting,

. 2K2 2
&:= sup min T,KZ—K1,1—3K2 = —.

O</<2<% 11
0<kq<ky
Define
—8
&= 41] 1 lB<n<32) + ﬁ1{325n§oo} =+ T{independent data} -

Hence, if r = o(n), then (2r)~"%{ng(6o)'V, 'g(6o) — r} LY
N(0, 1). If (21) holds, the other terms in (29) are o,(1). We
complete the proof of Theorem 3. O

Proof of Theorem 4
In order to establish Theorem 4, we need the following lemma.

Lemma 17. For any 9 ¢ ©and r x r matrix Vn such that
16 — 6ol = 0p(p"2n'2) and Vo — Valla = o0p(r~"/2), if
V68 () — E{Vog:(80)} |2 = 0,(p~"/?) for any 0 with (1§ — o||> <
10 — 6oll2, and the eigenvalues of [E{Veg(60)}I'[E{Veg: (60)}]
and V,, are uniformly bounded away from zero and infinity, then
@2r)~2(ng(0)V-'g(8) — ng(60)'V,'3(60)} > 0 provided that
p=o(r'/?).

Proof. Note that
@)~ 2ng (0)'V, 'g(8) — ng(00)'V, 'g(6o)|
= 21 |ng8)V,;'g(8) — ng(80)'V, 'g(6o)|
+(2r) 7" |ng(B0)'V, '8 (80) — ng(80)'V, 'E(80)
=1+ L.
We only need to show I; 2 0and dI, £ o.

For I, by Taylor expansion, g(0) = g(6,) + Vgg(0) (0 0o).
Then,

I < 2r) V21208 — 60) {Ve3 (0)Y' V'3 (80)|
+ 1) 20 — 00) {Veg )YV, (V42 (0)}(0 — 65)].

As the eigenvalues of V,, are uniformly bounded away from zero
and infinity, and ||V, — Vull2 = 0,(r~"/?), then the eigenvalues

of V,, are uniformly bounded away from zero and infinity w.p.a.1.
Hence,

I{Veg @)YV, " — [E{Veg @)V, 12
< (Ve @)} — [E{Vag 8}V, !II2
+ IE(Vog )} (V' — VDl
= 0,(0 ") + 0,(r"?) = 0,(p~"72).
On the other hand,
E(I[E{Vog (00)}1'V, ' (00)1I3)
= E{tr(V, '[E{Vsg (00)}I[E{Vog (80)}'V, 'g(00)E (60))'}
= n~tr([E{Veg (00)}'V, [E{Veg (00)}])
< cpn L.
Then,
1{Veg @)YV, '2(80) 12 = 0,(p"*n
Therefore,

,1/2) +op(r1/2p*1/2n*1/2).

I < 0,(pr~ %) +0,(1) > 0

provided that p = o(r'/?).
For I,
I = 2r)"2ng(00) (V, ' — V,; DE(0))]
= 0(r "*n)o,(r"?)0,(rn"") = 0,(1).
Hence, we complete the proof of this lemma. O
Remark. This lemma is similar to the Lemma 6.1 of Donald et al.

(2003). However, we work on the operator-norm in establishing
the consistency results, whereas Donald et al. (2003) employed

the Frobenius-norm. The matrix Vn and @ are the consistency
estimators of V,, and 6y respectively.

Here, we begin to establish Theorem 4. From Proposition 1, we
know |6, — 62 = 0,(p'/*n~1/?). By the same argument of the
proof of Theorem 3, we have

wa(8n) = QBB,)' 27 0)h () + 0,(2M'~ V=12,

Note Lemma 2,

wa (@) = ng(0,) (M2(0,)} "2 (0,) + 0,(r2M'~1/7 /7172y
+0,(rtMn~"?) + 0,(rM?*n™1).

By Lemmas 3 and 6, it yields that

|M2@®@,) — Va||, = 0,(r/?pM 012 4 1?20 1/2)

M
+ o,,{rM1 > koex(k)lz/y}

k=1
= o,(r "/?).
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Noting Lemma 10, for any 6 such that ||0 —Oll> < ||5,, — 0l =
Op(pl/Zn—l/Z)'
168 (8) — E{Vag:(00)}Ir = Op(r'/*p**n="%) = 0,(p~"/%).

By Lemma 17, we can get ng (,) (M2 (0,)}~'2(8,) — ng@o)'v,'g
(@o) = 0,(r'/?). Then, by Lemma 16, we complete the proof of
Theorem4. O

Proof of Theorem 5

We only need to prove that for some ¢ > 1, P{wn(an) >cr} —
1. To prove this, we use the technique for the proof of Theorem 1
in Chang et al. (2013). Let

'x _ _pv(o) e
20,,(0)Q® Jmax llpg ()2

where e is a r-dimensional vector with unit L,-norm, and @ > 0
will be determined later. Then, reA (0 ) when Q is sufficiently
large. Note that p,,(0) < 0, by Taylor expansion, we have

>y zpvv(o)
2(0,) = 0 N (0,
@) = =50 {Qp() AE“},??;)QZ]"( (6, ))}
1 & B

> - - =
Qe max 0
Q g=1 129<Q ||¢q( n)||2

1 & g Bn)e 3y (Br) gy (Br)'e
4Q%¢pu (0) {3 max gg(@n) I}

where X lies on the jointing line between % and 0. By the definition
of A, we have

1 Q. s (Apg (8))€' g ()0 (B,) e
4Q%° py, (0) 45 max [igq(@n)ll3

1
< EQ]’Z“’ w.p.a. 1.

Hence, forany ¢ > 1,

P{w,(8,) < cr}

Q Ty
SP{Z €'¢q(0n)

————=— < aQ”+ Ql_“’} +o(1).
=1 max ||¢q(0n)llz

From (A.2)(ii), we have ||¢q(0,,)||2 < ri2M—1 Zresq B, (X;). Then,
by Markov inequality,

P{lmaxQ b2 > (cK)lr”ZQW(long/z} -0
=q=

for each fixed K > 0, which implies that
P{w,(8,) < cr)

Q
< P{Z €'¢g(0) <K' (rQ” +Q'*)r'/2Q"” (log Q)G/Z}
q=1
+o0(1).
LetrQ® = Q¢ i.e., Q¥ = QV2r~1/2, then

o~ Q -~
P{wn(8n) < cr} < P{Ze/qsq(on) < 2K7'rQ "2 (log Q)E/z}
q=1

+o(1).

On the other hand, by Lemma 2 and (A.1)(iv),

i‘e/cpq@) = Qe'g(0) + 0,(r'?)
q=1
= QeE{gi(0n)} + 0,(r'/?) + 0,{Q 41 (r. p)}.
Select e = E{g: (6,))/IE{ge (B} 1. Then,
P{w,(8) < cr}
< P[IIE{g: @)} 1> < 2K~ 'rQ /72 (log Q)/?
+0,(r12Q7Y) + 0,{A1(r, p)}] + 0(1)
<P[s <2k Q""" (log Q)
+0,(r'2Q7") + 0p{A1(r, p)}] 4 0(1).

As r’M'=2/7n2/v=1(logn)¢c=> = 0(1), r'?Mn~'¢c™' = o(1)
and A;(r,p)c™' = 0(1), we can choose suff1c1ently large K to
guarantee

Plg <2k 2(log Q)2 4+ 0,(r'2Q ") + 0p{41(r, p)}]
— 0,

which leads to P{w,(#,) < cr} — 0 for any ¢ > 1. Hence, we

complete the proof. O

Proof of Theorem 6

Let

1 Q , )4

—> " p(6g®) + Y _ p:(16)
Q q=1 Jj=1
foranyf € ® and A € Zn(ﬂ).

Then,

'51(1p)

P9, 1) =

= argmin max A(pe)((} A) and
0€O \cAn(6)

5 = argmin max S @, ).

0co AeAn(ﬂ)

The following lemma will be used to construct Theorem 6.

Lemma 18. Under conditions (A.1), (A.2) and (A.5), assume that
the eigenvalues of V) are uniformly bounded away from zero and
infinity. If (13) holds, r’pM?n~! = o(1) and str~'M~n = 0(1),

then [0° — o], = 0,(r'/2n~1/2).

Proof. Choose 8, = o(r~/2Q~1/7) and r'/?Mn~12 = 0(6,). Let
7 = signipu (015307 I$@™ . then & € A, where 4, is
defined in Lemma 5. By Taylor expansion, Lemmas 4 and 5, noting
Puy(0) < 0, we have

(pe)

Sn(0 ~(pe)

B = p(0) + pv(O)x 60,
+ Zi/{ Z O O RO YA A }

> p(0) + 10, (0) (5,1 B

On the other hand,

)2 = CIAL3 - 0p(1).

Jy< sup SP@7. 0 < sup SP9(6o, 4.

reAn(@P?) 1eZn(60)

5(pe) @, 5Pe)

By Lemma 7 and (A.5), as st~ 'tn = 0(1),

sup SP9 (6, 1) =

3 sup  Sp(0. 2) + Zprqeo,n
reAn(fo)

r€An(0o) j=1
0(0) 4+ 0,(rtMn™" + s7)
p(0) 4+ 0, (rMn ™).
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Note that SP? (6, 1) > S,(8, ») forany @ € ® and A € A,(0),

it yields ||¢(§(p ))||2 = 0p(8,). Consider any &, — 0 and let

7 - (pe)
= sign{p, (0)}end (6,
way above, we can obtain

), then ||X||2 = 0,(8n). Using the same

100(O)] - £all @@V 12 = 0,(1) - 2B I2 = O, (rMn ).
Then, &,[|$@" )2 = 0,(rMn~1). Thus, [¢@F ), = 0,(r!/?

M'/2n=1/2), Following the same arguments given in the proof of

Theorem 1, we can obtain ||/05(p ' 0ol = 0,(r'*n"12). O

Here, we begin to prove Theorem 6. 0npe
multiplier AP® satisfy the score equation

0=V, S @ 2P = v, 5,05 709,

By the implicit theorem (Theorem 9.28 of Rudin, 1976), for all
0 in a || - ||2-neighborhood of ape), there is a 3:(9) such that
V,5%% (0, %(6)) = 0 and A(6) is continuously differentiable in 6.
By the concavity of S (6, 1) with respect to A, S\* (8, 2(8)) =
max; 3, g Sn(f, 1). From the envelope theorem,

0 = VpsP (0,3:(0))} e

and its Lagrange

pe) A (pe)

2 Z P8y 0g®,°)){ Yoty @,

q=1

)} %6,

Q
+ D Vap: ()] ,_go0- (30)
q=1
For any @ such that |0 — 6o, = 0,(r/?n~"/?) and ||g(0)|> =
0,(r'/>n=1/2), define
TS - ~ g
ho) =5 > 0o () B4 (0)){ Vocg(8)} 2(8) + > _ Vep- (I6)1).
q=1 q=1
Write h(0) = (h1(8), ..., hy(0))'. From Lemma 7, it yields that
20l = 0p(r'/2Mn~"/?) which implies sup;,q [1(8)'¢(0)| =
op(1).Foreachj=1,...,p,

(bq( 0)

h®) = o Zpu(o)k(é’ ) ==

q=1
9> Pq(6o)

06,00’ (6 — 6o) + . (16;Dsign(6;)

1 ~
+— Z pu(0)A(60)’
Q &

+ higher order terms.

From (A.4), there exists a positive constant C such that p’.(|6;]) >
C7.0n the other hand, as T (r"'n)/2M~! — o0,

0
max ZpU(O)A(O) ¢q( o) = 0,(r'/>Mn~"?) = 0,().
Slmllarly, we can show
13 ~ ., 0%¢(00)
— W (DA (00) —=—2(0 — 8y)| = ,
max Qq;p() (@) =5p55 @~ 00| = 0()

Hence, p’, (16;|)sign(6;) dominates the sign of h;(#) uniformly for all

jé A Ifﬁff) # 0, there exists some j ¢ +4 such thatle\n,j # 0.Under
our above arguments, we can find

67 £ 0} > 1.

P{n;@
It is a contradiction. Hence,/éff) =0.

Nextly, we consider the second result. From (25), it yields
[E{Vag: (80)}]' Vi, [E{Vag: (B0)}I(LE{Vg: (80)}] Vi 'V Vi
x [E{Vog:(00)}]) ' [E{Vog: (00)}]'Vy; ' [E{Vag: (00)}]
_ <(511 — 1355, S21) " *> .

ES k
Let
[E{Vog: (00)}1'Vy, ' [E{Vog: (00) YI([E{ Vg (00)}1'Vy; ' ViV,

X E(Vog: (80)}]) "2 = (“,’ "),

*

where U is a s x s symmetric matrix, then UU’ + VV' =
51252_21521)*1. For any a, € R® such that ||e,||2 = 1, define

(11 —

~ 14 _

oy = (V) (S11 — $1255)S21)

Then,

@, = o) (S11 — S1255, S21) /2 (UU + W)
X (S11 — S12855 So1) ety = 1.

Following the same argument for Proposition 2, we know it still
holds for ?n"“. Note that

o, (E{Veg: (00)}1'V, 1VnV '[E{Vog:(00)}]) ™ [E{Vog: (B0)}]'Vy, '

x [E(Vg: (6010, — 00)

1)
= o), (S11 — S$125,)'S21) /% (8, 081)),

then we establish the second result following Proposition 2. O
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